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OF  THE  PARABOLA. 


DEFINITIONS. 

I.  A  STRAIGHT  line  AB,  and  C  a  point  B00K  L 
without  it,  are  given  in  position.  On  the 
plane  of  ABC,  there  is  placed  a  ruler  DEF, 
having  its  side  DE  applied  to  AB,  and  its 
other  side  EF  on  the  same  side  of  AB  with 
the  point  C.  A  string  FGC  is  taken  equal 
in  length  to  EF :  and  one  end  of  this  string 

a  4 


CONIC  SECTIONS. 


8 

book  i.  being  fixed  in  F,  and  the  other  in  C,  a  part 
of  it  FG  is,  by  means  of  a  pin  G,  brought 
close  to  the  side  FE  of  the  ruler;  then,  the 
string  being  kept  uniformly  tense  by  the  pin, 
the  side  DE  of  the  ruler  is  moved  along  AB  : 
and  thus  the  point  of  the  pin,  as  it  moves 
onwards  with  the  ruler,  describes  upon  the 
plane  a  line  named  the  Parabola.  This  line 
may  be  extended  to  a  distance  from  the 
point  C,  exceeding  any  given  distance,  provi¬ 
ded  the  length  of  the  side  FE  of  the  ruler  em¬ 
ployed,  be  greater  than  that  given  distance. 

II.  The  straight  line  AB  is  named  the 
directrix . 

III.  And  the  point  C  is  named  the  focus  of 
the  parabola. 

IV.  A  straight  line  perpendicular  to  the 
directrix,  is  named  a  diameter ;  and  the 
point  where  a  diameter  meets  the  parabola, 
is  named  the  vertex  of  that  diameter ;  and 
the  diameter  which  passes  through  the  focus, 
is  named  the  axis  of  the  parabola ;  and  the 
vertex  of  the  axis  is  named  the  prbwipal 
vertex . 

V.  When  a  straight  line  terminated  both 
ways  by  a  parabola,  is  bisected  by  a  diame- 
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ter,  it  is  said  to  be  ordinately  applied  to  that 
diameter ;  or,  it  is  named,  simply,  an  ordi¬ 
nate  to  that  diameter. 

VI.  A  straight  line  quadruple  of  that  seg¬ 
ment  of  a  diameter  which  is  intercepted 
between  its  vertex  and  the  directrix,  is 
named  the  latus  rectum ,  or  the  parameter ,  of 
that  diameter. 

VII.  A  straight  line  meeting  a  parabola 
only  in  one  point,  and  which,  when  pro¬ 
duced  both  ways,  falls  without  the  para¬ 
bola,  is  said  to  touch  the  parabola  in  that 
point. 


PROPOSITION  I.  Theorem. 

A  straight  line  drawn  perpendicular  to 
the  directrix  from  any  point  of  a  pa¬ 
rabola,  is  equal  to  the  straight  line 
drawn  to  the  focus  from  that  same 
point. 

Let  G  be  a  point  in  the  parabola,  and  Fig.  i 
GE  a  straight  line  perpendicular  to  the 
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directrix  AB ;  draw  GC  to  the  focus  C, 
and  let  EF  be  equal  to  the  length  of  that 
side  of  the  ruler  which  is  on  the  same  side 
of  AB  with  the  focus  C :  therefore  EF  is 
equal  to  the  length  of  the  string  FGC  :  take 
away  the  common  part  FG,  and  the  remain¬ 
der  EG  will  be  equal  to  the  remainder  GC. 

Corollary.  Hence  that  segment  of 
the  axis  which  is  intercepted  between  the 
focus  and  the  directrix,  is  bisected  in  the 
vertex  of  the  axis.  Thus  CB  is  bisected  in 

H. 


PROP.  II.  Theor. 

If  the  distance  of  any  point  from  the 
focus  of  a  parabola  be  equal  to  the 
perpendicular  drawn  from  the  same 
point  to  the  directrix,  that  point  is  in 
the  parabola. 

Let  there  be  a  parabola,  the  directrix  of 
which  is  AB,  and  the  focus  C ;  and  let  D  be 
a  point,  the  distance  of  which  from  the  focus 
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is  the  straight  line  DC ;  from  D  draw  DE  book  i. 
perpendicular  to  the  directrix.  If  DC  be  '-nr-" 
equal  to  DE,  the  point  D  is  in  the  parabola. 

From  the  center  C,  at  the  distance  CD, 
describe  a  circle,  meeting  the  axis  in  the 
point  F:  let  H  be  the  vertex  of  the  axis,  and 
join  CE  :  then,  because  any  two  sides  of  a 
triangle  are  together  greater  (20.  1.  Elements 
of  Euclid)  than  the  third  side,  CD,  DE  are 
together  greater  than  CE  ;  much  more,  then, 
are  they  together  (19.  1.  Elem.)  greater  than 
C13 :  but  CD  is  equal  to  DE,  as  also  CH 
(cor.  1.  l.)  to  HB:  therefore,  CD,  that  is, 

CF,  is  greater  than  CH  :  the  parabola,  there- 
fore,  with  respect  to  its  vertex  FI,  is  within 
the  circle  GDF:  of  consequence,  it  must 
meet  the  circle  somewhere,  since  it  may  be 
extended  (def.  1.)  to  a  distance  from  the  fo¬ 
cus  C  which  shall  exceed  any  given  distance. 

Now  it  meets  the  circle  in  the  point  D;  for, 
if  this  is  not  true,  it  must  meet  the  circle  in 
some  other  point.  Suppose  it  meet  in  the 
point  L,  which  is  on  the  same  side  of  the  axis 
with  the  point  D,  then  having  joined  CL, 
draw  LM  perpendicular  to  the  directrix,  and 
LN  parallel  to  it ;  and  let  LN  meet  DE  in 
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N ;  and,  because  the  point  L  is  in  the  para¬ 
bola,  CL  is  (1.  l.)  equal  to  LM  ;  and,  accor¬ 
ding  to  the  hypothesis,  CD  is  equal  to  DE ; 
and,  C  being  the  center  of  the  circle,  CL  is 
equal  to  CD :  therefore  LM,  that  is,  NE,  is 
equal  to  DE  ;  which  is  impossible  :  the  para¬ 
bola,  therefore,  will  not  meet  the  circle  in 
the  point  L,  nor  any  where  but  in  D ;  there¬ 
fore  D  is  a  point  in  the  parabola. 

PROP.  III.  Theor. 

Any  straight  line  drawn  through  the  fo¬ 
cus  meets  the  parabola  ;  and  a  straight 
line  drawn  from  any  point  within  a  pa¬ 
rabola  to  the  focus,  is  less  than  the 
perpendicular  drawn  from  that  point  to 
the  directrix.  A  straight  line,  on  the 
other  hand,  drawn  from  any  point  with¬ 
out  a  parabola  to  the  focus,  is  greater 
than  the  perpendicular  drawn  from  that 
point  to  the  directrix. 

Let  there  be  a  parabola,  the  directrix  ot 
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which  is  AB,  and  the  point  C  the  focus ;  book  i. 
any  straight  line  drawn  through  C  meets  ' 

that  parabola. 

First,  if  CB,  a  straight  line  drawn  through 
the  focus,  be  perpendicular  to  the  directrix, 
the  point  H,  bisecting  (cor.  1.  1.)  the  seg¬ 
ment,  intercepted  between  the  focus  and  the 
directrix,  is  in  the  (2.  1.)  parabola:  but  if 
any  other  straight  line  CP  be  drawn  through 
the  focus,  bisect  the  angle  BCP  by  the 
straight  line  CM,  and  let  CM  meet  the  direc¬ 
trix  in  M,  and  draw  MN  parallel  to  the  axis 
BC :  then,  because  the  angles  PCM,  CMN 
are  together  less  than  two  right  angles,  for 
each  of  them  is  less  than  one  right  angle,  the 
straight  lines  CP,  MN  meet  each  other ;  let 
them  meet  in  the  point  O,  then  the  angle 
OCM  is  equal  to  the  angle  CMC  ;  for  each 
of  the  two  is  equal  to  (29.  1.  Elem.)  BCM ; 
therefore,  OM  is  (6.  1.  Elem.)  equal  to  OC  : 
consequently,  the  point  O  is  in  (2.  1.)  the 
parabola. 

In  proceeding  to  demonstrate  the  other 
part  of  the  proposition  :  First,  let  there  be 
any  point  K  within  the  parabola,  that  is,  let 
it  be  on  the  same  side  of  it  with  the  focus  C, 
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cook  r.  and  draw  KL  at  right  angles  to  the  direc- 
trix  ;  draw  likewise  KC  to  the  focus ;  KC  is 
less  than  KL.  Let  CK  meet  the  parabola  in 
O,  and  let  there  be  drawn  to  the  directrix 
the  straight  line  OM  parallel  to  KL,  and  let 
OL  be  joined.  Since,  then,  the  point  O  is 
in  the  parabola,  OC  is  equal  to  OM  ;  but 
OM  is  (19.  1.  Elem.)  less  than  OL;  much 
more  therefore  is  (OM,  or)  OC  less  than  (20. 
1.  Elem.)  OK  and  KL  together  :  take  away 
the  common  part  OK,  and  the  remainder  KC 
is  le^s  than  the  remainder  KL. 

Next,  let  the  point  Q  be  without  the  pa* 
rabola,  and  draw  QR  at  right  angles  to  the 
directrix  ;  QC  drawn  to  the  focus  is  greater 
than  QR.  Let  QC  meet  the  parabola  in  O, 
and  draw  OM  parallel  to  QR,  and  join  QM; 
therefore,  because  CO  is  equal  to  OM,  CQ 
is  equal  to  MO  together  with  OQ  ;  but  MO 
together  with  OQ,  is  greater  than  QM  ; 
much  more,  then,  are  they  greater  than  QR. 
QC  is,  therefore,  greater  than  QR. 

Cor.  Hence  it  is  evident,  that  any  point 
is  within  or  without  a  parabola,  according  as 
the  distance  of  that  point  from  the  focus  is 
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jess  or  greater  than  a  perpendicular  drawn 
from  that  same  point  to  the  directrix. 

PROP.  IV.  Theor. 

A  perpendicular  to  the  directrix  meets  the 
parabola  only  in  one  point ;  and  when 
produced  downwards,  it  falls  within  the 
parabola. 

Let  MT  he  perpendicular  to  the  directrix 
AB ;  draw  MG  to  the  focus  ;  let  CO  be 
drawn,  making  the  angle  MCO  equal  to 
CMO,  and  meeting  MT  in  O  ;  OM  is  con¬ 
sequently  equal  to  OC  ;  and  therefore  the 
point  O  is  in  (2.  1.)  the  parabola. 

Next,  take  any  point  T  in  MO  produced, 
and  join  TC  :  since,  then,  the  angle  MCT  is 
greater  than  MCO,  that  is,  than  the  angle 
CMT,  TM  is  greater  than  TC  :  the  point  T 
therefore  is  within  (cor.  3.  1.)  the  parabola. 
In  like  manner  it  may  be  demonstrated,  that 
any  point  above  O  in  the  straight  line  MT  is 
without  the  parabola. 
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PROP.  V.  Theor. 

If  from  a  point  in  a  parabola  a  straight 
line  be  drawn  to  the  focus,  and  if  from 
the  same  point  a  straight  line  be  drawn 
perpendicular  to  the  directrix  ;  the 
straight  line  which  bisects  the  angle 
contained  by  these  two  straight  lines, 
touches  the  parabola  in  the  said  jtoint. 
Also,  a  straight  line  drawn  through  the 
vertex  of  the  axis  at  right  angles  to  the 
axis,  touches  the  parabola. 

1.  D  being  a  point  in  a  parabola,  and  DC 
drawn  from  D  to  the  focus,  and  DA  drawn 
perpendicular  to  the  directrix  AB  ;  DE  that 
bisects  the  angle  CDA,  touches  the  parabola 
in  the  point  D. 

In  DE  take  any  other  point  F  ;  and  having 
joined  FA,  FC,  AC,  draw  FG  perpendicular 
to  the  directrix ;  then,  because  DA  is  equal 
(i„  1.)  to  DC,  DF  common,  and  the  angle 
FDA  equal  to  FDC  ;  FC  is  equal  (4.  l.  E- 
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lem.)  to  FA ;  and,  consequently,  greater  than  book  i. 
FG  ;  therefore  the  point  F  is  without  the 
(cor.  3.  1.)  parabola;  and,  consequently, the 
straight  line  DE  touches  the  parabola  (def. 

7.)  in  the  point  1). 

2.  HK,  a  straight  line  drawn  through  the  FIs- 2- 
vertex,  of  the  axis,  at  right  angles  to  the  axis, 
touches  the  parabola.  In  HK  take  any  point 
K;  from  which  draw  KL  perpendicular  to 
the  directrix;  and  join  KC :  and,  because 
KC  is  greater  (19.  1.  Elem.)  than  CH,  that 
is,  than  (cor.  1.  1.)  HB,  that  is,  than  KL, 

KC  is  greater  than  KL;  therefore  the  point 
K  is  without  the  parabola,  and  HK  touches 
the  parabola. 

Cor.  1.  This  proposition  points  out  a  me¬ 
thod  of  drawing  a  straight  line  that  will  touch 
a  parabola  in  a  given  point,  provided  the  di¬ 
rectrix  and  the  focus  be  given  in  position. 

Cor.  2.  And  since  it  has  been  proved,  that 
all  straight  lines  that  touch  a  parabola,  tall 
without  it  towards  the  same  parts,  that  curve, 
it  is  plain,  is  every  where  convex  on  the  side 
on  which  the  touching  lines  are,  but  concave 
on  the  contrary  side. 
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PROP.  Vl.  Problem. 

The  directrix  and  the  focus  of  a  parabola, 
and  a  straight  line  not  parallel  to  any 
diameter,  being  given  in  position  ;  to 
draw  a  straight  line  parallel  to  the 
straight  line  given  in  position,  which 
will  touch  the  parabola. 

AB  being  the  directrix  and  C  the  focus  of 
a  parabola,  and  MN  a  straight  line  not  paral¬ 
lel  to  any  diameter ;  it  is  required  to  draw  a 
straight  line  parallel  to  MN,  which  will  touch 
the  parabola. 

From  the  focus  C  draw  CO  perpendicular 
to  MN,  and  meeting  the  directrix  A  ;  and 
having  bisected  AC  in  E,  draw  ED  parallel 
to  MN,  and  meeting  the  diameter  through  A 
in  the  point  D,  and  join  CD;  then,  in  the 
triangles  ADE,  CDE,  AE  is  equal  to  CE, 
ED  common,  and  the  angles  at  E  right  an- 
gles;  DA,  therefore,  is  equal  to  DC;  and, 
consequently,  the  point  1)  is  in  the  (2.  1.) 
parabola  :  and,  since  the  angle  ADE  is  equal 
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to  the  angle  CDE,  the  straight  line  DE,  as  book  i. 
was  shown  in  the  preceding  proposition, 
touches  the  parabola. 

PROP.  VII.  Theor. 

If  from  a  point  E  in  a  parabola,  there  be  J  4* 
drawn  a  straight  line  EG,  neither  paral¬ 
lel  to  the  axis,  nor  bisecting  the  anode 
contained  by  the  diameter  passing 
through  that  point,  and  a  straight  line 
drawn  from  the  same  point  to  the  fo¬ 
cus  ;  the  straight  line  EG  cuts  the  pa¬ 
rabola  in  one  other  point,  but  not  in 
more  than  one. 

From  the  focus  C  let  a  perpendicular  be 
drawn  to  EG,  and  let  it  meet  the  directrix 
in  A;  and,  making  A/equal  to  AF,  through 
y'drawj^  parallel  to  the  diameter  FE,  and  let 
Je  meet  EG  in  e ;  the  point  e  will  be  in  the 
parabola. 

There  are  two  cases. — First,  where  EG  im¬ 
passes  through  the  focus.  Because  EC  is 


CONIC  SECTIONS. 


2G 

book  i.  equal  to  EF,  and  each  of  the  angles  ECA, 
EFA  a  right  angle ;  therefore  AC  is  (5.  and 
6.  1.  Elem.)  equal  to  AF ;  and,  consequent¬ 
ly,  it  is  equal  to  A f;  and  each  of  the  angles 
ACc,  A/c  is  a  right  angle  :  eC  is,  therefore, 
equal  to  ef;  and  therefore  the  point  e  is  in 
the  (2.  1.)  parabola. 

Fi£.  4.  In  the  second,  EG  does  not  pass  through 
the  focus.  From  the  centre  E,  at  the  dis¬ 
tance  EC,  describe  a  circle,  meeting  CA 
again  in  H ;  and  describe  another  circle 
through  the  points  C,  H,  f;  then,  because 
EC  is  equal  to  EF,  and  that  EFA  is  a  right 
angle,  the  circle  described  from  the  centre  E 
touches  (16.  3.  Elem.)  the  directrix  in  F : 
therefore  the  rectangle  CAII  is  equal  to  (36. 
3.  Elem.)  the  square  of  AF,  that  is,  to  the 
square  of  A f:  therefore  Ay  touches  the  cir¬ 
cle  (37.  3.  Elem.)  yCH ;  and  the  centre  of 
this  circle  is  (19.  3.  Elem.)  in  fe  ;  it  is  also 
in  GE,  which  bisects  CH  at  right  angles:  it 
is,  therefore,  in  the  point  e  where  fe,  GE  in¬ 
tersect  each  other.  eC,  therefore,  is  equal  to 
ef;  and,  therefore,  the  point  c  is  in  the  (2.  1.) 
parabola. 

It  is  evident,  that  EG  cuts  the  parabola  no 
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where  but  in  the  points  E,  e :  for,  if  possible,  book  i. 
let  EG  cut  it  also  in  another  point  s ;  and 
let  be  drawn  perpendicular  to  the  direc¬ 
trix  AB:  a  circle,  thus  described  from  the  Fi£-4- 

7  n.  1.  2. 

centre  s,  distance  sC,  passes  through  H,  and 
touches  the  directrix  in  the  point  <p,  at  a  dis¬ 
tance  from  the  point  A,  less  or  greater  than  n.  i.  ?. 
that  of  the  point  F  or  f  from  A ;  and  the 
square  of  <pA  being  equal  to  the  rectangle 
CAH,  is  equal  to  the  square  of  FA  :  which 
is  absurd. 

Cor.  Of  all  the  straight  lines  that  can  be 
drawn  from  any  point  of  a  parabola,  only  one 
can  touch  the  parabola  ;  for  the  diameter 
through  the  point  falls  (4.  1.)  within  the  pa¬ 
rabola  ;  and  any  other  straight  line,  except 
that  which  bisects  the  angle  contained  by  the 
diameter  through  the  point,  and  the  straight 
line  drawn  from  the  point  to  the  focus,  meets 
the  parabola  again  in  another  point. 

PROP.  VIII.  Theor. 

If  from  the  focus  C  of  a  parabola,  a  per-  Fig.  \ 

n.  I  2, 

pendicular  CG  be  drawn  to  any  straight 

b  3 
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line  LG,  meeting  the  directrix  in  A  ; 
if  the  segment  of  the  perpendicular  in¬ 
tercepted  between  the  focus  and  the 
straight  line,  is  not  greater  than  its 
other  segment  intercepted  between  the 
straight  line  and  the  directrix,  that  is 
if  CG  be  not  greater  than  GA,  the 
straight  line  LG,  necessarily,  meets  the 
parabola. 

When  the  segments  CG,  GA  are  equal,  it 
is  plain  from  what  was  demonstrated  in  Prop. 
6.  that  the  straight  line  LG  touches  the  para¬ 
bola  in  the  point  where  the  diameter  through 
A  meets  LG. 

But  if  CG  be  less  than  GA,  take  GH  equal 
to  GC  ;  and  from  the  point  A,  and  on  either 
side  of  A,  place,  in  the  directrix,  AF,  or  A  f, 
such,  that  the  square  of  either  may  be  equal 
to  the  rectangle  CALI  ;  and,  having  describ¬ 
ed  a  circle  through  the  points  C,  H,  F,  draw 
FE  perpendicular  to  AF,  and  let  FE  meet 
LG  in  E  :  and  the  square  of  AF  being  equal 
to  the  rectangle  CAII,  AF  touches  the  circle 
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in  F ;  and  therefore  the  centre  of  the  circle 
is  in  FE :  but  as  CH  is  bisected  at  right  an¬ 
gles  by  the  straight  line  LG,  the  centre  of  the 
circle  is  likewise  in  LG:  it  is,  therefore,  in 
E,  the  point  where  FE,  LG  intersect  each 
other:  hence  EC  is  equal  to  EF;  and,  there¬ 
fore,  the  point  E  is  in  the  parabola.  In  like 
manner,  if  ef  drawn  perpendicular  to  the  di¬ 
rectrix  meets  LG  in  c,  the  point  e  is  in  the 
parabola. 

Cor.  Hence  any  straight  line  passing 
through  a  point  within  a  parabola,  meets  the 
parabola. 

Case  1.  If  the  straight  line  is  a  diameter, 
it  is  evident,  from  Prop.  4.  1.  that  it  meets 
the  parabola. 

Case  2.  When  the  straight  line  is  not  a 
diameter.  Let  LG  pass  through  the  point  L 
within  the  parabola;  it  will  meet  the  para¬ 
bola.  From  the  focus  C  let  the  straight  line 
CG  be  drawn  at  right  angles  to  LG,  and  let 
it  meet  the  directrix  in  A;  and  join  LC, 
LA  :  then  because  the  point  L  is  within  the 
parabola;  a  straight  line  drawn  from  L  per¬ 
pendicular  to  the  directrix,  is  greater  (3.  1.) 


book  i. 

wv'-r 


B  4 


CONIC  SECTIONS. 


24 

book  i.  thanLC:  consequently,  LA,  which  is  not 
less  than  this  perpendicular,  is  greater  than 
LC :  AG,  therefore,  is  greater  than  (47.  1. 
Elem.)  GC ;  and  therefore  LG  meets  the  pa¬ 
rabola. 

PROP.  IX. 

The  angle  contained  by  a  diameter  of  a 
parabola,  and  a  straight  line  drawn  from 
the  vertex  of  that  diameter  to  the  focus, 
is  bisected  by  the  straight  line  that 
touches  the  parabola  in  that  vertex. 

Fig.  L  The  angle  ADC,  contained  by  the  diame¬ 
ter  AD,  and  the  straight  line  DC,  is  bisected 
by  DE,  a  straight  line  touching  the  parabola 
in  the  vertex  D  :  for  if  the  angle  ADC  is  not 
bisected  by  DE,  it  is  possible  for  some  other 
straight  line  to  do  it ;  and  this  other  straight 
line  also  will  touch  the  parabola  (5. 1.)  :  which 
is  absurd. 

Cor.  l.  On  the  other  hand,  if  AD  be  a 
diameter,  and  ED  touch  the  parabola  in  the 
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vertex  D  of  AD,  and  if  the  angle  ADE  be  book  i. 
equal  to  the  angle  CDE,  DC  passes  through 
the  focus:  or,  if  DC  passes  through  the  fo¬ 
cus,  DE  touching  the  parabola  in  D,  and  the 
angle  ADE  being  equal  to  the  angle  CDE  ; 

DA  is  a  diameter. 

Cor.  2.  If  from  any  point  D  which  is  in  a 
parabola,  but  which  is  not  the  vertex  of  the 
axis,  a  straight  line  DE  be  drawn  touching 
the  parabola,  the  angle  EDA  contained  to¬ 
wards  the  directrix  by  the  straight  line  DE 
and  the  diameter  DA,  is  less  than  a  right  an¬ 
gle  ;  for  the  angle  ADC,  which  is  the  double 
of  EDA,  is  less  than  two  right  angles. 

PROP.  X.  Theor. 

If  from  a  point  in  a  parabola  a  straight 
line  be  drawn  touching  the  parabola, 
and  if  from  the  same  point  a  perpendi¬ 
cular  be  drawn  to  the  axis  ;  the  seg¬ 
ment  of  the  axis  intercepted  between 
the  perpendicular  and  the  line  touching 
the  parabola,  is  bisected  in  the  vertex 
of  the  axis. 
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book  i.  Let  D  be  a  point  of  the  parabola,  and  let 
a  ^ne  drawn  from  D  to  E  touch  the  parabola, 
and  DII  be  perpendicular  to  the  axis  ;  the 
segment  EH  of  the  axis  is  bisected  in  E,  the 
vertex  of  the  axis. 

Through  D  let  DA  be  drawn  perpendicu¬ 
lar  to  the  directrix  ;  let  DC  be  drawn  to  the 
focus,  and  let  the  axis  meet  the  directrix  in 
B  :  and  because  the  angle  CDE  is  equal  to 
the  angle  ADE  (9.  1.),  that  is,  to  the  alter¬ 
nate  angle  CED,  CE  is  equal  to  CD,  or  DA, 
that  is,  to  HB ;  and  CF  is  equal  to  FB 
therefore  the  remainder  FE  is  equal  to  the 
remainder  FH. 

PROP.  XL  Theor. 


Every  straight  line  parallel  to  a  straight 
line  that  touches  the  parabola,  and  ter¬ 
minated  both  ways  by  the  parabola,  is 
bisected  by  the  diameter  passing  through 
the  point  of  contact,  that  is,  it  is  ordi- 
nately  applied  to  this  diameter. 


T'ic.  4. 

li.  1.  2- 


Thc  straight  line  Ee. 


which  is  terminated 
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in  the  points  E,  e ,  being  parallel  to  DK,  a  book  i. 
straight  line  touching  the  parabola  ;  and  AD, 
the  diameter  which  passes  through  the  point 
of  contact  D,  meeting  Ee  in  L  ;  LE  is  equal 
to  Le, 

Let  AD  meet  the  directrix  AB  in  A  ;  from 
the  points  E,  e  to  the  directrix,  draw  the 
perpendiculars  EF,  ef;  and  from  the  focus  C 
draw  CA  meeting  Ee  in  G  ;  from  the  centre 
E,  distance  EC,  describe  a  circle  meeting  CA 
again  in  PI ;  this  circle  will  touch  the  direc¬ 
trix  in  F :  join  DC :  then,  because  DA  is 
equal  to  DC,  and  the  angle  ADK  equal  to 
(9.  1.)  CDK,  DK  is  (4.  1.  Elem.)  perpendi¬ 
cular  to  AC  :  and,  therefore,  Ee  is  likewise 
at  right  angles  to  AC  :  and  because  E  is  the 
centre  of  the  circle  CFH,  CG  is  equal  to  (3. 

3.  Elein.)  GH  :  join  eC  and  cH,  and  eC  will 
be  equal  (4.  1.  Elem.)  to  ell :  a  circle,  there¬ 
fore,  described  from  the  centre  e,  and  at  the 
distance  eC,  passes  through  H  ;  and  eC  being 
equal  to  ef,  it  passes  likewise  through  f : 
therefore,  since  the  straight  line  Ef  touches 
the  circles,  and  the  straight  line  AHC  cuts 
them,  the  square  of  AE  is  equal  to  the  (36.  3. 

Elem.)  rectangle  CAH,  that  is,  to  the  square 
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book  i.  of  A f:  therefore  AF  is  equal  to  A f;  butFE, 
AL,  Je ,  are  parallels  :  therefore  LE  is  (2.  6. 
Elem.)  equal  to  he. 

Cor.  1.  Or,  if  a  straight  line  he,  terminated 
both  ways  by  a  parabola,  be  bisected  by  the 
diameter  AL,  it  is  parallel  to  the  tangent 
which  passes  through  D,  the  vertex  of  AL  : 
for  if  the  straight  line  touching  the  parabola 
m  the  point  D,  be  not  parallel  to  LE,  let 
another  straight  line  be  drawn  touching  the 
parabola,  and  parallel  to  LE  ;  then  the  dia¬ 
meter  which  passes  through  the  point  where 
this  other  straight  line  touches  the  parabola, 
bisects  the  straight  line  he  :  but,  according 
to  the  hypothesis,  the  same  he  is  bisected  by 
the  diameter  AL  :  which  is  absurd. 

Cor.  2.  All  straight  lines  ordinately  ap¬ 
plied  to  any  diameter,  are  parallel  to  one 
another. 

Cor.  3.  If  two  or  more  parallels  be  termi¬ 
nated  both  ways  bv  a  parabola,  the  diameter 
which  bisects  the  one  bisects  also  the  other, 
or  the  rest  of  them  :  for  the  one  that  is  bisec¬ 
ted  by  a  diameter,  is  parallel  to  the  straight 
line  touching  a  parabola  in  the  vertex  of  that 


THE  PARABOLA. 


29 


diameter ;  and  consequently  the  other,  or  book  t. 
the  others,  is,  or  are,  parallel  to  the  same 
straight  line  that  touches  the  parabola  in  that 
vertex ;  and,  therefore,  is,  or  are,  bisected  by 
the  same  diameter. 

Cor.  4.  Any  straight  line,  on  the  contrary, 
which  bisects  two  parallels  terminated  both 
ways  by  a  parabola,  is  a  diameter :  for  if  it  is 
not,  it  is  possible  for  some  other  straight  line 
bisecting  one  of  the  parallels  to  be  a  diame¬ 
ter  ;  and  being  a  diameter,  this  other  straight 
line  must  also  bisect  the  other  of  them  :  but, 
according  to  the  hypothesis,  the  former  of 
the  straight  lines  bisects  both  the  parallels : 
which  is  absurd.  And  if  from  the  point  of 
contact  a  straight  line  be  drawn  bisecting 
another  straight  line  parallel  to  the  tangent, 
and  terminated  both  ways  by  the  parabola, 
that  straight  line  is  a  diameter :  for  if  it  be 
not,  let  a  diameter  be  drawn  through  the 
point  of  contact,  this  diameter  must  also  bi¬ 
sect  the  parallel  to  the  tangent :  which  is  ab¬ 
surd. 

Cor.  5.  And  a  straight  line  drawn  through 
the  vertex  of  a  diameter,  so  as  to  be  parallel 
to  straight  lines  ordinately  applied  to  that 
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book  i.  diameter,  touches  the  parabola.  This  is 
Wv^/  manifest  from  cor.  1. 

PROP.  XII.  Theor. 

If  from  a  point  of  a  parabola  a  straight 
line  be  drawn  perpendicular  to  a  dia¬ 
meter,  and  if  from  the  same  point  a 
straight  line  be  ordinately  applied  to 
that  diameter  ;  the  square  of  the  per¬ 
pendicular  is  equal  to  the  rectangle 
contained  by  the  abscissa  of  the  dia¬ 
meter  and  the  latus  rectum  of  the  axis. 

(A7.  B.  An  abscissa  is  the  segment  inter¬ 
cepted  betwixt  the  vertex  of  a  diameter  and 
a  straight  line  ordinately  applied  to  that 
diameter.) 

Case  1.  When  the  diameter  is  the  axis  of 
the  parabola. 

Fig.  5.  Let  X)  t>e  a  point  in  a  parabola,  and  1)1 1 
a  perpendicular  to  the  axis  BC  ;  1)11  will  be 
parallel  to  (5.  1.)  the  straight  line  touching 
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the  parabola  in  the  vertex  of  the  axis ;  and  book  i. 
therefore  will  be  ordinately  (11.  1.)  applied 
to  the  axis :  draw  DC  to  the  focus,  and  DA 
perpendicular  to  the  directrix  AB,  and  let 
F  be  the  vertex  of  the  axis ;  then,  because 
HB  is  equal  to  DA,  that  is,  to  DC,  the 
square  of  IIB  is  equal  to  the  square  of  DC, 
that  is,  to  the  square  of  DH,  together  with 
the  square  of  HC  :  but,  since  BF  is  equal  to 
FC,  the  same  square  of  FIB  is  equal  to  four 
times  the  rectangle  FIF’C,  together  with  the 
(8.  2.  Elem.)  square  of  HC :  therefore  the 
square  of  DH,  together  with  the  square  of 
IIC,  is  equal  to  four  times  the  rectangle 
FIFB,  together  with  the  square  of  IIC  : 

I  herefore  the  square  of  IID  is  equal  to  four 
times  the  rectangle  HFB,  that  is,  to  the  rec¬ 
tangle  contained  by  the  abscissa  IFF,  and  the 
parameter  of  the  axis. 

Case  2.  When  the  diameter  to  which  the 
perpendicular  is  drawn  is  not  the  axis. 

Bet  EN  be  perpendicular  to  the  diameter  i%.  4* 
AD;  let  EL  be  an  ordinate  to  AD,  and 
D  the  vertex  of  the  same  AD  ;  the  square 
°f  BN  is  equal  to  the  rectangle  contained  by 
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book  i.  the  abscissa  LD  and  the  parameter  of  the 
axis. 

Draw  DK  parallel  to  LE  ;  DK  will  there¬ 
fore  (5  cor.  11.  1.)  touch  the  parabola  in  D: 
and  let  DK  meet  the  axis  in  K  ;  let  EF  be 
drawn  at  right  angles  to  the  directrix  ;  and 
let  a  circle  be  described  from  the  centre  E, 
distance  EF  ;  and  this  circle  will  touch  (cor. 
16.  3.  Elem.)  the  directrix  in  F,  and  pass 
through  the  focus  C  :  let  AC  be  joined,  and 
let  it  meet  the  circumference  of  the  circle 
again  in  H,  and  the  straight  lines  DK,  LE 
in  the  points  P,  G  ;  and  let  LE  meet  the 
axis  in  O. 

Because  the  angles  (9.  of  this  book,  4.  1. 
Elem.)  CPK  and  CBA  are  right  angles,  and 
the  angle  BCP  common,  the  triangles  CBA, 
CPK  are  equiangular  :  AC,  therefore,  is  (4. 
6.  Elem.)  to  CB,  as  CK  to  CP,  that  is,  as  (2. 
6.;  16.  5.  Elem.)  OK  to  GP :  consequently, 
the  rectangle,  contained  by  CA,  GP  is  equal 
to  (16.  6.  Elem.)  that  contained  by  OK, 
CB ;  but  because  CA  is  (9.  of  this  book, 
and  4.  1.  Elem.)  the  double  of  CP,  and  CII 
the  double  of  CG,  AH  is  double  of  GP; 
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and,  consequently,  the  rectangle  CA1I  is  ) 
equal  to  twice  the  rectangle  CA,  GP,  that  is, 
to  twice  the  rectangle  OK,  CB  :  but,  the 
square  of  EN,  or  of  AF,  is  equal  (36.  3.  E- 
lem.)  to  the  rectangle  CAII  :  it  is,  therefore, 
equal  to  twice  the  rectangle  OK,  CB,  that 
is,  to  the  rectangle  contained  by  the  abscissa 
LD,  and  the  parameter  of  the  axis. 

Cor.  1.  Hence  the  squares  of  perpendi¬ 
culars  drawn  from  any  points  of  a  parabola  to 
any  diameters,  are  to  one  (1.6.  Elem.)  ano¬ 
ther,  as  the  abscissas  intercepted  between  the 
vertices  of  those  diameters  and  the  ordinates 
drawn  from  those  points. 

Cor.  2.  The  squares  of  straight  lines  ordi- 
nately  applied  to  the  same  diameter,  are  to 
one  another,  as  the  abscissas  between  those 
straight  lines  and  the  vertex  of  that  diameter. 
Let  EL,  QR  be  ordinately  applied  to  the 
diameter  DN ;  and  let  EN,  QS  be  perpendi¬ 
cular  to  the  same  :  because  the  triangle  ELN 
is  equiangular  to  the  triangle  QRS,  the  square 
of  EL  is  to  that  of  QR,  as  the  square  of  EN 
to  that  of  QS,  that  is,  by  the  preceding  corol¬ 
lary,  as  the  abscissa  DL  to  the  abscissa  DR. 

C 
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book  i.  Cor.  3.  And  if  from  the  vertices  ot  two 
diameters  there  be  drawn  straight  lines  ordi¬ 
nately  applied  to  those  two  diameters,  that  is, 
if  the  straight  line  drawn  from  the  vertex  of 
each  diameter  be  an  ordinate  to  the  other 
diameter,  the  abscissas  between  those  ordi¬ 
nates  and  the  two  vertices  are  equal  to  each 
other  ;  for  the  perpendiculars  drawn  from  the 
two  vertices  to  the  two  diameters  are  equal. 

PROP.  XIII.  Theor. 

If  from  a  point  of  a  parabola  a  straight 
line  be  drawn  ordinately  applied  to  a 
diameter,  the  square  of  half  that  ordi  ¬ 
nate  is  equal  to  the  rectangle  contained 
by  the  abscissa  between  that  same  or¬ 
dinate  and  the  vertex  of  that  diameter, 
and  the  latus  rectum  of  the  same  diame¬ 
ter. 

Let  AB  be  the  directrix  of  a  parabola,  and 
AD  a  diameter,  to  which  EL,  drawn  from 
the  point  E  of  the  parabola,  is  ordinately  ap¬ 
plied;  and  through  the  vertex  D  of  the  dia- 
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meter  AD,  draw  DK  parallel  to  EL;  DK, 
of  consequence,  will  touch  the  parabola : 
draw  DM  perpendicular  to  the  axis,  and 
from  Q,  the  vertex  of  the  axis,  draw  QR  or- 
dinately  applied  to  the  diameter  DL  ;  and, 
consequently,  parallel  to  EL. 

Since  QR  is  equal  to  DK,  its  square  is 
equal  to  (47.  1.  Elem.)  the  squares  of  DM, 
MK  ;  but  the  square  of  DM  is,  by  the  first 
case  of  the  foregoing  proposition,  equal  to 
four  times  the  rectangle  MQB ;  and  since 
MQ  is  equal  (10.  1.)  to  QK,  the  square  of 
MK  is  equal  to  four  times  the  square  of  MQ  : 
therefore  the  square  of  QR  is  equal  to  four 
times  the  rectangle  MQB,  together  with  four 
times  the  square  of  MQ,  that  is,  to  four  times 
(3.  2.  Elem.)  the  rectangle  QMB :  but  MQ, 
or  QK,  is  equal  to  DR,  and  MB  to  DA  ; 
therefore,  the  square  of  QR  is  equal  to  four 
times  the  rectangle  RDA  ;  and  since  QR, 
EL  are  ordinately  applied  to  the  diameter 
AD,  the  square  of  QR  is  to  the  square  ol 
P^L  as  (2.  cor.  of  the  preceding  proposition) 
RD  to  LD,  that  is,  as  four  times  the  rectan¬ 
gle  RDA  to  four  times  the  rectangle  LDA : 
but  the  square  of  QR,  as  hath  been  proved. 
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is  equal  to  four  times  the  rectangle  RDA  : 
therefore,  the  square  of  EL  is  equal  to  four 
times  the  rectangle  LDA,  that  is,  to  the  rec¬ 
tangle  contained  by  the  abscissa  LD  and  the 
parameter  of  the  diameter  AD. 

It  was  from  the  property  above  demon¬ 
strated,  that  Apollonius  named  the  curve 
line,  which  is  the  subject  of  this  book,  the 
Parabola. 

Cor.  ] .  If  from  a  point  E  to  AD,  a  diameter 
of  the  parabola,  a  straight  line  EL  is  drawn 
parallel  to  straight  lines  ordinately  applied  to 
the  diameter  AD,  and  meeting  the  same  AD 
below  its  vertex  D ;  if  the  square  of  EL  is 
equal  to  the  rectangle  contained  by  the  ab¬ 
scissa  LD  and  the  parameter  of  the  diametei 
AD  ;  the  point  E  is  in  the  parabola. 

For  since  the  point  L  is  within  (4.  1.)  the 
parabola,  the  straight  line  EL  necessarily 
meets  (cor.  8.  1.)  the  parabola  :  if,  therefore, 
EL  does  not  meet  the  parabola  in  the  point 
E,  on  the  same  side  of  the  diameter  with  E, 
let  it  meet  it,  if  possible,  in  some  other  point, 
nearer,  or  more  remote,  from  the  diameter, 
than  E  is :  let  this  other  point  be  s ;  then  the 


THE  PARABOLA. 


square  of  sL  is  equal  to  the  rectangle  con¬ 
tained  by  LD,  and  the  parameter  of  the  dia¬ 
meter,  that  is,  according  to  the  hypothesis, 
to  the  square  of  EL  ;  which  is  absurd. 

Cor.  2.  If  from  two  points  E,  Q,  one  of 
which,  Q,  is  in  the  parabola,  there  be  drawn 
to  the  diameter  AD  straight  lines,  EL,  QR, 
parallel  to  straight  lines  ordinately  applied  to 
AD  ;  if  the  squares  of  the  parallels  be  to  one 
another  as  the  abscissas  between  the  parallels 
and  the  vertex  of  the  same  AD  ;  the  other 
point  E  is  also  in  the  parabola. 

If  the  diameter  LD  meets  the  directrix  in 
A,  four  times  AD  is  its  latus  rectum  :  then, 
since  the  square  of  QIl  is  to  that  of  EL  as 
RD  is  to  LD,  that  is,  as  four  times  the  rec¬ 
tangle  RDA  to  four  times  the  rectangle 
LDA ;  and  since,  by  the  proposition,  the 
square  of  QR  is  equal  to  four  times  the  rec¬ 
tangle  RDA ;  the  square  of  EL  is  equal 
to  four  times  the  rectangle  LDA  ;  and  there¬ 
fore,  by  the  preceding  corollary,  the  point  E 
is  in  the  parabola. 
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^  PROP.  XIV.  Theob. 

If  a  straight  line  be  drawn  from  a  point 
of  a  parabola  so  as  to  be  ordinately 
applied  to  a  diameter,  and  if  another 
straight  line  be  drawn  from  the  same 
point  so  as  to  touch  the  parabola,  and 
meet  that  diameter  ;  the  segment  (of 
the  diameter)  intercepted  betwixt  the 
ordinate  and  the  tangent  is  bisected  in 
the  vertex  of  the  diameter. 

Fig.  6.  A  being  a  point  of  a  parabola  ;  AC  drawn 
from  A,  so  as  to  be  ordinately  applied  to  the 
diameter  BC,  and  AD  drawn  from  the  same 
point,  so  as  to  touch  the  parabola,  and  meet 
BC  in  D  ;  the  segment  CD  is  bisected  in  B, 
(he  vertex  of  BC. 

From  the  vertex  B  let  BE  be  drawn  paral¬ 
lel  to  AD;  it  will  be  ordinately  (11.  l.)  ap¬ 
plied  to  the  diameter  AE,  and  the  abscissa 
BC  will  be  equal  to  the  abscissa  (3.  cor.  it? 
1.)  AE,  that  is,  to  BD. 
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Con.  1.  Conversely,  AC  being  ordinately  book  i. 
applied  to  the  diameter  BC,  if  AD  be  drawn 
making  BD  equal  to  BC,  AD  touches  the 
parabola. 

For  if  AD  does  not  touch  the  parabola,  let 
AF  touch  it ;  FB  then  is  equal  to  BC  :  which 
is  impossible. 

Cor.  2.  If  a  straight  line  touches  a  parabo¬ 
la,  its  segment  between  the  point  of  contact, 
and  any  diameter,  is  bisected  by  a  straight 
line  touching  the  parabola,  in  the  vertex  of 
that  diameter. 

Let  AD,  a  straight  line  touching  the  pa¬ 
rabola,  meet  the  diameter  CB  in  the  point  D, 
and  the  tangent  GB  in  G ;  let  AC  be  drawn 
parallel  to  BG  ;  AC  will  be  ordinately  ap¬ 
plied  to  the  (11.  1.)  diameter  CB  ;  and  since, 
by  the  proposition,  CB  is  equal  to  BD,  AG 
is  likewise  equal  to  GD. 

PROP.  XV.  Prob. 

To  find  a  diameter,  the  axis,  the  Icitus  rec¬ 
tum  of  the  axis,  the  focus,  and  the  di¬ 
rectrix  of  a  parabola  given  in  position. 
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Let  two  parallel  straight  lines  AB,  CD  be 
drawn ;  let  them  be  terminated  in  the  para¬ 
bola,  and  bisected  in  the  points  F,  E  ;  join 
FE,  and  let  it  meet  the  parabola  in  G ;  GF 
is  (4.  cor.  11.  1.)  a  diameter. 

Next,  in  the  diameter  GF,  and  below  its 
vertex  G,  take  any  point  H  ;  and  through 
that  point  draw  KHL  perpendicular  to  the 
diameter  GF,  and  meeting  the  parabola  in 
the  points  K,  L;  and  through  M,  the  middle 
point  of  KL,  draw  MN  parallel  to  the  diame¬ 
ter  GF,  and  meeting  the  parabola  in  N  ;  and 
let  NO  be  drawn  parallel  to  Mil :  then,  be¬ 
cause  MN  is  parallel  to  GH,  it  is  a  diameter  : 
but  KL  is  ordinately  applied  to  MN ;  there¬ 
fore  NO  touches  (5.  cor.  11.  l.)  the  parabola 
in  N.  And  because  MNO  is  a  right  angle, 
MN  is  (2.  cor.  9.  1.)  the  axis  :  and  a  third 
proportional  to  NM,  MK  is  the  (13.  l.)  latus 
rectum  of  the  axis  :  and  the  distance  of  the 
focus  from  the  vertex  of  the  axis  is  equal  to 
a  fourth  part  of  the  latus  rectum  of  the  axis; 
therefore  the  focus  is  given.  After  the  same 
manner  is  the  directrix  found. 
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PROP.  XVI.  Prod. 

The  directrix  and  the  focus  of  a  parabola 
being  given  in  position,  to  describe  the 
parabola. 

Let  AB  be  the  directrix,  and  C  the  focus, 
and  with  a  ruler  and  string  describe  the  pa¬ 
rabola  ;  or  as  many  points  of  the  parabola  as 
may  be  thought  necessary  may  be  thus  found  ; 
through  the  focus  C  draw  CB  at  right  angles 
to  the  directrix,  and  CB  will  be  the  axis  :  to 
the  axis  CB  draw  any  perpendicular  LG, 
meeting  it  below  its  vertex  F,  and  in  the  same 
axis  place  CH  equal  to  BG  ;  CH  will  thus  be 
greater  than  CG  ;  and  from  the  centre  C, 
distance  CH,  describe  a  circle,  cutting  the 
straight  line  LG  in  D,  cl ;  these  points  are 
in  the  parabola. 

For  the  straight  line  DA,  drawn  to  the  di¬ 
rectrix,  so  as  to  be  parallel  to  GB,  is  equal 
to  GB,  that  is,  to  CH,  that  is,  to  CD;  and 
D,  therefore,  is  (2.  1.)  in  the  parabola.  In 
the  same  manner  it  may  be  shown,  that  d  is 
in  the  parabola. 
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Cor.  Hence,  if  the  directrix  AB  of  a  para¬ 
bola,  and  F,  the  vertex  of  the  axis,  be  given 
in  position,  the  parabola  may  be  described, 
by  drawing  FB  at  right  angles  to  the  direc¬ 
trix,  and  making  FC  equal  to  FB  ;  for  C  will 
be  the  focus  (cor.  1.1.)  In  like  manner,  if 
the  vertex  F  and  focus  C  be  given ;  join  CF, 
and  produce  it  to  B,  so  that  FB  may  be  equal 
to  FC  ;  a  straight  line  drawn  through  B  at 
right  angles  toBC,  will  be  the  directrix  :  and 
if  the  axis  GF,  and  its  vertex  F  be  given  in 
position,  and  its  parameter  FK  given  in  mag¬ 
nitude,  the  directrix  may  be  found  by  making 
FB  equal  to  a  fourth  part  of  the  parameter 
FK,  and  drawing  BA  at  right  angles  to  the 
same  FB.  In  like  manner  the  directrix  may 
be  found,  if  the  axis,  the  focus,  and  the  pa¬ 
rameter  of  the  axis,  be  given  in  position.  In 
all  these  cases,  therefore,  the  parabola  may 
be  described  according  to  the  proposition. 

PROP.  XVII.  Prob. 

The  axis  and  its  vertex,  and  a  point  with¬ 
out  the  axis,  and  below  its  vertex,  being 
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given  in  position,  to  describe  the  para-  book  i. 
bola  which  will  pass  through  that  point. 

The  axis  FH,  its  vertex  F,  and  D  a  point  Fi£- 
without  it,  and  below  the  vertex  F,  being 
given  in  position  ;  it  is  proposed  to  describe 
the  parabola  which  shall  pass  through  D. 

Draw  from  the  point  D,  GD  perpendicular 
to  the  axis,  find  (11.  6.  Elem.)  FK  a  third 
proportional  to  the  two  straight  lines  FG, 

GD;  then,  taking  FB  equal  to  the  fourth 
part  of  it,  and  making  FC  equal  to  FB,  draw 
BA  parallel  to  DG;  and  let  a  parabola  be 
described,  having  C  for  its  focus,  and  AB  for 
the  directrix ;  this  parabola  will  pass  through 
the  point  D.  For  since  FG,  GD,  FK  are 
proportionals,  the  square  of  GD  is  equal  to 
the  rectangle  GFK  :  and  FK  is  the  parameter 
of  the  (def.  6. 1.)  diameter  FG ;  therefore  the 
point  D  (1.  cor.  13.  1.)  is  in  the  parabola. 

PBOP.  XVIII.  Pros. 

Two  straight  lines  AB,  AC,  which  meet  Fig.  o, 
each  other  in  the  point  A,  being  given 
in  position,  and  a  straight  line  DE  be- 
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book  i.  ing  given  in  magnitude  ;  to  describe  a 
parabola  which  may  have  AB  for  a 
diameter,  and  DE  for  the  parameter  of 
AB,  and  which  the  straight  line  AC 
may  touch  at  the  point  A. 

Take  DF  the  fourth  part  of  DE,  and  in 
BA  produced,  make  AG  equal  to  DF,  and 
draw  GH  at  right  angles  to  AG  ;  then,  mak¬ 
ing  the  angle  CAK  equal  to  GAC,  and  the 
straight  line  AK  equal  to  AG,  describe  a 
parabola,  which  may  have  K  for  the  focus, 
and  GH  for  the  directrix;  AB  will  be  one 
of  its  diameters,  and  the  parameter  of  AB 
will  be  equal  to  the  (def.  4.  6.)  quadruple  of 
AG,  that  is,  to  DE :  and  since  AG  is  equal 
to  AK,  the  point  A  is  in  the  parabola;  and 
since  the  angle  GAC  is  equal  to  CAK,  the 
straight  line  AC  touches  the  parabola  at  the 
point  A. 

Cor.  If  from  a  point  L,  a  straight  line  LM 
be  d  rawn  making  a  given  angle  LMA,  with  a 
straight  line  AB  given  in  position  ;  and  if  the 
square  of  LM  be  equal  to  the  rectangle  con. 
fiined  bv  a  given  straight  line  DE,  and  (he 
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segment  MA,  intercepted  between  the  same  book  i. 
LM  and  the  given  point  A;  the  point  L  is  in 
a  parabola  given  in  position.  Draw  through 
the  point  A  a  straight  line  AC  parallel  to 
LM,  describe,  according  to  the  proposition, 
a  parabola  which  shall  have  AB  for  a  diame¬ 
ter,  and  DE  for  the  parameter  of  AB,  and 
which  the  straight  line  AC  may  touch  in  the 
point  A ;  this  parabola  is  the  locus  of  the 
point  L:  for  since  the  square  of  LM  is,  by 
hypothesis,  equal  to  the  rectangle  contained 
by  MA  and  DE,  and  that  LM  is  parallel  to 
AC  which  touches  the  parabola,  and  conse¬ 
quently  to  straight  lines  ordinately  applied 
to  the  diameter  MA  ;  the  point  L  is  in  the 
(1.  cor.  13.  l.)  parabola. 

PROP.  XIX.  Prop. 

A  diameter  AB,  and  its  vertex  A,  being  9- 
given  in  position,  and  a  straight  line 
LM,  which  meets  AB  in  M  below 
the  vertex,  being  given  in  position 
and  magnitude  ;  to  describe  a  parabola 
which  may  pass  through  the  point  L, 
and  in  which  the  straight  line  LM  may 
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BOOK  I. 


be  ordinately  applied  to  the  diameter 

AB. 


Through  the  vertex  A  draw  AC  parallel 
to  LM,  and  let  DE  be  a  third  proportional 
to  AM,  ML ;  and,  according  to  the  prece¬ 
ding  proposition,  describe  a  parabola  which 
having  AB  for  a  diameter,  and  DE  for  the  pa¬ 
rameter  of  AB,  and  which  AC  may  touch  in 
the  point  A  :  then,  because  ML  is  parallel  to 
AC,  it  is  ordinately  applied  to  the  diameter  AB; 
and  because  AM,  ML,  DE  are  proportionals, 
the  square  of  ML  is  equal  to  the  rectangle 
contained  bv  the  abscissa  AM,  and  DE  the 
parameter  of  the  diameter  AB  ;  and  therefore 
the  point  L  is  (1.  cor.  13.  1.)  in  the  parabola. 


PROP.  XX. 


Prob. 


A  diameter  of  a  parabola,  and  the  vertex 
of  that  diameter,  being  given  in  posi¬ 
tion,  and  the  latus  rectum  of  the  same 
diameter  being  given  in  magnitude,  and 
a  point  in  the  parabola  being  given  : 
to  describe  the  parabola. 
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Let  AB  be  the  diameter  given  in  position,  book  i. 
and  A  its  vertex  :  in  AB,  and  above  the  ver- 

Fig. 

tex  A,  place  the  straight  line  AC  equal  to 
the  given  latus  rectum  ;  and  let  D  be  the  given 
point  in  the  parabola.  Suppose  what  is  re¬ 
quired  done  ;  and  let  AD  be  the  parabola  to 
be  described :  and  having  drawn  the  straight 
line  AE  touching  it  in  A,  and  meeting  the 
diameter  drawn  through  D  in  the  point  E, 
complete  the  parallelogram  AEDF :  there¬ 
fore  DF  is  ordinately  applied  to  the  diameter 
AB  ;  and  therefore  the  square  of  DF,  or  AE, 
is  equal  to  the  rectangle  FAC :  as,  therefore, 

FA  or  DE  to  AE,  so  is  AE  to  AC ;  and  they 
contain  the  equal  (29.  1.  Elem.)  angles  DEA, 

EACj  therefore  the  triangle  DEA  is  equi¬ 
angular  to  the  triangle  EAC :  and  thus  the 
angle  AEC  is  equal  to  the  angle  EDA,  or 
FAD.  If,  then,  upon  AC  a  segment  of  a 
circle  be  described,  containing  an  angle  equal 
to  FAD,  the  point  E  will  (converse  of  21.  3. 

Elem.)  be  in  the  circumference  of  this  seg¬ 
ment.  But  the  angle  FAD  is  given,  because 
FA,  DA  arc  (26.  dat.)  given  in  position ; 
therefore  the  angle  AEC  is  given  :  and  AC 
is  given  in  position  and  magnitude;  there- 
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book  i.  fore  the  segment  AEC  (8.  def.  dat.)  is  given 
in  position.  The  point  E,  then,  is  in  the  cir¬ 
cumference  of  a  circle  given  in  position  :  but 
it  is  also  in  the  straight  line  DE  which  is 
given  in  position  ;  the  point  E,  therefore,  is 
given  :  and  the  point  A  is  given  :  therefore 
the  straight  line  AE  is  given  in  position.  It 
is  possible,  therefore,  to  describe  (18.  1.)  a 
parabola  which  may  have  AB  for  a  diameter, 
and  AC  for  the  latus  rectum  of  AB,  and  which 
AE  may  touch  in  the  point  A. 

In  order  to  the  composition,  it  is  required, 
that  a  segment  of  a  circle  containing  an  angle 
equal  to  FAD,  be  described  upon  AC,  and 
that  a  straight  line  drawn  through  the  point 
D,  parallel  to  AB,  meet  the  circumference 
of  that  segment.  But  these  conditions  it  is 
sometimes  impossible  to  fulfil.  Hence  the 
problem  cannot  always  be  solved. 

W  hen  the  straight  line  drawn  through  D 
parallel  to  AB,  is  a  tangent  to  the  segment, 
the  problem  admits  of  only  one  solution.  * 


*  In  all  cases  in  which  the  straight  line  drawn  through  D 
parallel  to  AB  cuts  the  circumference  of  the  segment  in  two 
points,  the  problem  admits  of  two  solutions. 


Fig.  5. 
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rhe  parabola,  and  latus  rectum  of  the  diame-  book  i. 


ter  AB,  which  solve  this  case,  are  determined, 
if  a  parabola  be  found  having  AB  for  a  dia¬ 
meter,  and  A  for  the  vertex  of  AB,  and  which 
passes  through  the  point  D  ;  and  if  the  latus 
rectum  of  BA  be  such,  that  a  segment  of  a 
circle  described  upon  it,  when  placed  above 
A,  and  in  the  direction  of  AB,  may  contain 
an  angle  equal  to  BAD ;  and  that  a  straight 
line  drawn  through  D,  so  as  to  be  parallel  to 
AB,  mav  touch  the  circumference  of  that 
segment :  suppose  what  is  required  done :  let 
AG  be  the  parameter  of  the  diameter  AB; 
and  upon  AG  let  the  segment  of  a  circle  con¬ 
taining  an  angle  equal  to  the  angle  BAD, 
or  ADE,  be  described  ;  and  let  the  straight 
line  DE  parallel  to  AB  touch  the  circumfe¬ 
rence  of  that  segment  in  H,  and  join  AL, 
GH  :  since,  then,  the  angle  AHD  is  equal 
(32.  3.  Elem.)  to  AGH  in  the  opposite  seg¬ 
ment,  and  that,  according  to  the  hypothesis, 
the  angle  ADH  is  equal  to  AHG  ;  the  tri¬ 
angles  ADH,  AHG  are  equiangular:  the 
angle  DAH  is,  therefore,  equal  to  HAG: 
but  the  angle  DAG  is  given  ;  and,  conse¬ 
quently,  its  half  DAH  is  given:  and  the 
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book  i.  straight  line  AD  is  given  in  position  :  there- 
fore  AH  also  is  (29.  dat.)  given  in  position  : 
the  point  H  too  is  given,  where  AH  meets 
I3E  given  in  position  ;  and  the  angle  AHG 
is  given  :  lienee  HG  is  given  (29.  dat.)  in 
position  ;  and  therefore  the  point  G  is  given  : 
hence  the  straight  line  AG  is  given  in  mag¬ 
nitude  :  since,  then,  AG  in  the  parabola, 
which  passes  through  the  point  D,  is  the 
latus  rectum  of  the  diameter  AB,  of  which  A 
is  the  vertex  ;  because  a  straight  line  touch¬ 
ing  the  parabola  in  the  vertex  of  the  diameter 
AB,  meets,  as  hath  been  proved,  the  diameter 
drawn  through  D,  in  the  point  where  this 
diameter  meets  the  circumference  of  the  cir¬ 
cle,  the  segment  of  which,  described  upon  the 
latus  rectum  of  the  diameter,  passing  through 
A,  contains  an  angle  equal  to  ADH;  and 
since,  in  the  present  case,  the  diameter  DE 
meets  the  circumference  of  this  segment  in 
H  ;  therefore  HA  touches  the  parabola  in 
A  :  and  AB,  AH  being  given  in  position, 
and  AG  given  in  magnitude,  the  parabola, 
according  to  the  18th  proposition,  can  be  de¬ 
scribed. 

The  composition  of  this  case  is  as  follows  : 
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Join  AD,  and  through  D  draw  DE  parallel  book  i. 
to  AB  ;  to  DE  draw  AH,  bisecting  the  angle 
DAG  :  and  through  H  to  AB  draw  XIG, 
making  the  angle  AHG  equal  to  ADH  or 
DAB ;  and  let  a  parabola  be  described  which 
may  have  AB  for  a  diameter,  and  AG  for  the 
latus  rectum  of’  AB  ;  and  which  AH  may  (18. 

1 .)  touch  in  A  :  this  parabola  will  pass  through 
D,  and  DH  will  touch  the  circle  described 
about  AHG.  Draw  DK  parallel  to  AH ;  and 
since  the  triangles  DAII,  AHG  are  isosceles 
and  equiangular,  DH,  HA,  AG,  and  conse¬ 
quently  KA,  KD,  AG  are  proportionals  ;  the 
square  of  DK  is,  therefore,  equal  to  the  rec¬ 
tangle  KAG;  and  DK  is  parallel  to  the  tan¬ 
gent  AH  :  hence  the  point  D  is  in  the  (I. 
cor.  IS.  1.)  parabola:  and  because  the  angle 
AHD  is  equal  to  AGH  in  the  opposite  seg¬ 
ment,  DH  touches  (conv.  32.  3.  Elem.)  the 
circle  in  H. 

It  remains  to  be  inquired,  whether  the 
parameter  AG  be  greater  or  less  than  the 
parameter  of  the  diameter  AB  in  any  other 
parabola,  having  A  B  for  a  diameter,  and  A  for 
the  vertex  ol  AB,  and  which  passes  through 
IX.  Let  there  be  any  other  parabola  admitting 
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of  these  conditions;  and  let  AE  touch  it  in 
A,  and  meet  the  diameter  passing  through 
D  in  the  point  E,  and  the  circle  GHA  in  L: 
having  joined  LG,  draw  EC  parallel  to  it; 
draw  also  DF  parallel  to  EA  ;  DF,  therefore, 
is  ordinately  applied  to  the  diameter  AB  : 
and  because  the  angle  ADE  is  equal  to  the 
angle  AHG  or  ALG,  that  is,  to  AEC,  and 
that  the  angle  DEA  is  equal  to  EAC,  the 
triangle  EDA  is  equiangular  to  the  triangle 
AEC :  therefore  the  straight  lines  DE,  EA, 
AC,  that  is,  AF,  FD,  AC  are  proportionals ; 
the  square  of  DF,  is,  therefore,  equal  to  the 
rectangle  FAC  :  and  for  this  reason,  AC  is 
the  parameter  of  the  diameter  AB  in  this  pa¬ 
rabola.  And  because  DE  touches  the  circle 
in  FI,  AL  is  less  than  AE  ;  and  therefore  AG 
is  less  than  AC  :  therefore  AG  is  the  least  of 
all  the  possible  parameters  of  the  diameter 
AB,  in  parabolas  which  have  AB  for  a  dia¬ 
meter,  and  A  for  the  vertex  of  AB,  and  which 
pass  through  D. 

After  the  same  manner  it  may  be  shown, 
that  in  any  parabola  whatever,  which  answers 
the  conditions  of  the  proposition,  the  latus 
rectum  of  the  diameter  AB  is  greater  or  less, 
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according  as  the  tangent  drawn  through  A, 
and  situated  on  either  side  of  the  tangent 
AH,  is  more  remote  from,  or  nearer  to,  the 
same  AH. 

To  proceed  to  the  composition  of  what  was 
analysed  in  the  first  case  :  if  the  proposed 
parameter  be  equal  to  AG,  found  in  the  man¬ 
ner  above  mentioned,  the  parabola,  as  hath 
been  shown,  may  be  described,  and  will  be 
the  only  one  that  can  fulfil  what  is  required 
in  the  problem.  If,  next,  the  proposed  para¬ 
meter  be  less  than  AG,  it  is  impossible  to 
construct  the  problem  :  or  if  the  proposed 
parameter,  for  example,  AC,  be  greater  than 
AG ;  upon  AC  describe  the  segment  of  a 
circle  containing  an  angle  equal  to  ADH,  or 
DAB ;  and  since  DH  touches  the  circle 
AHG,  it  must  cut  the  segment  described 
upon  AC  in  two  points :  let  E  be  one  of 
them  ;  and  join  AE;  and  let  a  parabola  (18. 
1.)  be  described,  having  AB  for  a  diameter, 
and  AC  for  the  parameter  of  AB,  and  to 
which  the  straight  line  AE  may  be  a  tangent ; 
and  draw  DF  parallel  to  AE  ;  then  it  may  be 
shown,  as  above,  that  DE,  EA,  AC,  that  is, 
that  AF,  FD,  AC,  are  proportionals;  and 
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book  i.  therefore  the  square  of'  DF  is  equal  to  the 
'  rectangle  FAC,  contained  by  the  abscissa  FA 
and  the  parameter  AC;  and  that,  consequent¬ 
ly,  the  parabola  passes  through  the  point  D. 
The  same  thing  may  be  demonstrated  with 
regard  to  the  other  parabola,  which  has  for  a 
tangent  the  straight  line  joining  A,  and  the 
other  point  of  intersection  e.  And  as,  in  the 
investigation  of  the  problem,  it  has  been  prov¬ 
ed,  that  the  angles  GAH,  HAD  are  equal ; 
the  angle  AKD  is,  therefore,  equal  to  ADK  ; 
and,  of  consequence,  AK  is  equal  to  AD  : 
but  AG  is  a  third  proportional  to  AK,  KD, 
or  to  AD,  DK  ;  that  is,  the  least  parameter  is 
a  third  proportional  to  the  straight  line  which 
joins  the  vertex  of  the  diameter  given  in  po¬ 
sition  and  the  given  point;  and  the  straight 
line  which  is  drawn  from  the  same  point  to 
the  diameter,  so  as  to  cut  off  from  the  dia¬ 
meter  a  segment  equal  to  the  first  propor¬ 
tional. 
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The  first  nine  definitions  in  the  first  book 
of  Apollonius  of  Perga's  Conic  Sections . 

Ap.  Def. 

1.  VIII.  If  a  straight  line  joining  any 
point  and  the  circumference  of  a  circle  not 
in  the  same  plane  with  the  point,  be  produced 
from  the  point  in  the  opposite  direction,  and 
then,  while  the  point  remains  fixed,  be  carried 
round  in  the  direction  of  that  circumference 
till  it  return  to  the  place  from  whence  the 
motion  commenced  ;  by  the  revolution  of  that 
straight  line,  a  surface,  called  the  conical  sur¬ 
face,  and  which  consists  of  two  surfaces  con¬ 
nected  together  at  the  fixed  point,  will  be 
described.  The  two  connected  surfaces  may 
each  of  them  be  infinitely  increased,  if  the 
straight  line  with  which  they  are  described  be 
produced  both  ways  to  an  infinite  distance. 

2.  IX.  The  fixed  point  is  called  the  vertex 
of  the  conical  surface. 

3.  X.  The  straight  line  drawn  through  the 
point  and  the  centre  of  the  circle  is  called  the 
axis . 

4.  XI.  The  figure  contained  by  the  circle. 
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book  i.  and  the  surface  which  is  intercepted  between 
the  vertex  and  the  circumference  of  the  cir¬ 
cle,  is  called  the  cone . 

5.  XII.  The  same  fixed  point,  which  is 
the  vertex  of  the  surface  of  the  cone,  is  named 
the  vertex  of  the  cone . 

6.  XIII.  The  straight  line  drawn  from  the 
vertex  to  the  centre  of  the  circle,  is  called 
the  axis  of  the  cone . 

7.  XIV.  And  the  circle  itself  is  named 
the  base  of  the  cone. 

8.  XV.  Cones  which  have  their  axis  at 
right  angles  to  the  base,  are  called  right-angled 
cones . 

9.  XVI.  And  cones  which  have  not  their 
axis  at  right  angles  to  the  base,  are  called 
scalene  cones. 

PROP.  XXI.  ( Prop,  1.  B.  1.  Apoll.J 

Straight  lines  draw-n  from  the  vertex  of 

the  surface  of  a  cone  to  points  in  that 

surface,  are  in  that  same  surface. 

Fig. n.  Let  there  be  the  surface  of  a  cone:  let  A 
be  its  vertex  ;  and  having  taken  any  point  l> 
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in  that  surface,  join  AB  :  the  straight  line  AB  book  i. 
is  in  that  same  surface. 

For,  if  possible,  let  ACB  be  a  straight  line 
drawn  from  the  vertex  A  to  the  point  B, 
and  which  is  not  in  the  surface  of  the  cone  ; 
and  let  DE  be  the  straight  line  with  which 
the  cone  is  described,  and  the  circle  EF  the 
base ;  and  if  DE  be  revolved  in  the  circum¬ 
ference  of  EF,  it  will  pass  through  the  point 
B  and  the  vertex  A  ;  and  thus  two  straight 
lines  ACB,  AG B  will  have  the  same  extremi¬ 
ties  :  which  is  absurd.  Therefore  the  straight 
line  drawn  from  the  point  A  to  B,  is  not 
without  the  conical  surface  ;  therefore  it  is 
in  that  surface. 

Cor.  A  straight  line  drawn  from  the  vertex 
of  a  cone  to  any  point  within  the  surface,  falls 
within  the  surface  ;  but  if  drawn  from  the 
vertex  to  any  point  without  the  surface,  it 
falls  without  the  surface. 

PROP.  XXII.  (Prop.  3.  ii.  l.  A  poll.  J 

If  a  cone  be  cut  by  a  plane  passing  through 
its  vertex,  the  section  is  a  triangle. 
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book  r.  Let  there  be  a  cone  which  has  the  point  A 
for  its  vertex,  and  the  circle  BDC  for  its 

Fig.  12. 

base;  let  it  be  cut  through  the  point  A  by 
any  plane;  and  let  the  sections  made  in  the 
surface  be  the  lines  AB,  AC,  and  the  section 
in  the  base  the  straight  (3.  11.  Elem.)  line 
BC ;  ABC  is  a  triangle. 

For  since  the  straight  line  drawn  from  the 
point  A  to  B,  is  both  in  the  cutting  plane 
and  in  (21.  1.)  the  conical  surface,  it  is  the 
common  section  of  the  two  ;  therefore  the 
section  AB  is  a  straight  line  :  for  a  like  rea¬ 
son,  the  section  AC  is  a  straight  line;  and 
BC  too  is  a  straight  line :  therefore  the  sec¬ 
tion  ABC  is  a  triangle. 

PROP.  XXIII.  (Prop.  4.  B.  1.  A  poll.  J 

If  the  conical  surface  on  either  side  of  the 
vertex  be  cut  by  a  plane  parallel  to  the 
circle  which  is  the  base  of  the  cone  ;  the 
common  section  of  this  plane  with  the 
conical  surface  is  a  circle  havino;  its  ceil- 
tre  in  the  axis  ;  and  the  figure  contain¬ 
ed  by  this  circle,  and  that  part  of  the 
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conical  surface  which  is  intercepted  be-  book  i. 

tween  it  and  the  vertex,  is  a  cone. 

Let  there  be  a  conical  surface  the  vertex  Fig.  13. 
of  which  is  A,  BC  being  the  circle  in  the  cir¬ 
cumference  of  which  the  straight  line  revolves 
which  describes  the  surface ;  let  it  be  cut  by 
any  plane  parallel  to  the  circle  BC,  and  let 
this  plane  make  in  it  a  section  DLE  :  The 
line  DLE  is  the  circumference  of  a  circle  the 
centre  of  which  is  in  the  axis.  Take  the  cen¬ 
tre  of  the  circle  BC,  and  let  it  be  F ;  join 
AF ;  AF,  consequently,  is  (def.  10.)  the  axis, 
and  meets  the  cutting  plane  ;  let  it  meet  it  in 
G  ;  next,  let  any  plane  pass  through  the  same 
AF ;  and  the  section  made  by  this  plane  will 
be  (22.  1.)  a  triangle  ABC.  And  because  the 
points  D,  G,  E  are  all  in  the  cutting  plane 
DLE,  and  in  the  plane  ABC,  DGE  is  (3.  11. 

Elem.)  a  straight  line.  Again,  in  the  line 
DLE  take  any  point  H  ;  join  All,  and  pro¬ 
duce  it;  All  then  will  (21.  1.)  meet  the  cir¬ 
cumference  BC;  let  it  meet  it  in  K,  and  join 
GH,  FK :  and  because  the  two  parallel 
planes  DLE,  BC  are  cut  by  the  plane  ABC, 
their  (16. 11.  Elem.)  common  sections  with  it 
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book  i.  are  parallels :  DE,  consequently,  is  parallel 
to  BC ;  and,  for  the  same  reason,  GH  is  pa¬ 
rallel  to  FK :  therefore,  as  AF  to  (4.  6.  E- 
lem.)  AG,  so  is  FB  to  GD,  FC  to  GE,  and 
FK  to  GH  ;  and  the  three  straight  lines  BF, 
KF,  CF  are  equal ;  therefore  the  three  straight 
lines  DG,  GH,  GE  (14.  5.  Elem.)  are  also  e- 
qual.  After  the  same  manner  it  may  be  de¬ 
monstrated,  that  any  other  straight  lines  what¬ 
ever,  drawn  from  the  point  G  to  the  line  OLE. 
are  equal.  The  line  Di  E  is,  therefore,  the 
circumference  of  a  circle  having  its  centre  G 
in  the  axis. 

Cor.  The  figure  contained  by  the  circle 
jDLE,  and  that  part  of  the  conical  surface 
which  is  intercepted  between  this  circle  and 
the  point  A,  is  a  cone  ;  and  the  common  sec¬ 
tion  of  the  cutting  plane  and  the  triangle 
passing  through  the  axis,  is  a  diameter  of  the 
circle  DLE. 

PROP.  XXIV.  (Prop.  5.  13.  l.  ApollJ 

If  a  scalene  cone  cut  through  the  axis  by 
a  plane  at  right  angles  to  the  base,  be 
cut  also  by  another  plane  at  right  angles 
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to  the  triangle  passing  through  the  axis ;  book  i. 
if  this  other  plane  cuts  off,  towards  the 
vertex,  a  triangle  similar  to  the  triangle 
through  the  axis,  both  triangles  being 
in  one  plane,  but  sub  contrarily  situa¬ 
ted  ;  the  section  made  in  the  cone  by 
this  other  plane  is  a  circle. 

Let  there  be  a  scalene  cone,  the  vertex  of  Fig.  il. 
which  is  the  point  A,  and  the  base  the  circle 
BLC ;  let  it  be  cut  through  the  axis  by  a  plane 
perpendicular  to  the  base,  and  let  the  section 
be  the  triangle  ABC ;  let  it  be  also  cut  by  ano¬ 
ther  plane  at  right  angles  to  the  triangle  ABC ; 
and  let  this  other  plane  cut  off,  towards  the 
vertex,  the  triangle  AGK  similar  to  the  tri¬ 
angle  ABC,  but  #  sub-contrarily  situated ;  and 
let  the  section  made  in  the  surface  be  the  line 
GKH  :  This  line  is  the  circumference  of  a 
circle. 

In  the  lines  GHK,  BLC  take  certain  points 


•  The  meaning  is  this :  the  base  GK  is  to  be  so  placed,  that 
it  may  make  the  angle  AKG,  and  not  the  angle  AGK,  equal  to 
the  angle  ABC. 
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book  i.  H,  L,  from  which  let  perpendiculars  be  drawn 
to  the  plane  of  the  triangle  ABC ;  these  per¬ 
pendiculars  will  (38.1 1 .  Elem.)  fall  on  the  com¬ 
mon  sections  of  the  planes  :  accordingly,  let 
them  be  HF,  LM  :  HF,  therefore,  is  parallel 
to  (6.  11.  Elem.)  LM:  next,  through  F draw 
DFE  parallel  to  BC  :  the  plane,  therefore, 
which  passes  through  FIL,  DE  is  parallel  to 
the  (15.  11.  Elem.)  base  of  the  cone  ;  and,  for 
this  reason,  the  section  DHE  is  (23.  1.)  a  cir¬ 
cle,  of  which  DE  is  a  diameter:  the  rectangle, 
therefore,  contained  by  DF,  FE  is  (35.  3.  E- 
lem.)  equal  to  the  square  of  FH.  And  since 
ED  is  parallel  to  BC,  the  augle  ADE  is  equal 
to  the  angle  ABC;  and  the  angle  AKG  is 
placed  equal  to  the  angle  ABC;  therefore  the 
angle  AKG  is  also  equal  to  ADE :  and  the 
angles  at  F  are  equal,  for  they  are  opposite 
vertical  angles ;  therefore  the  triangle  DFG 
is  similar  to  the  triangle  KFE  :  therefore  as 
EF  to  FK,  so  is  GF  to  FD ;  therefore  the  rec¬ 
tangle  EFD  is  equal  to  the  rectangle  KFG. 
But  the  rectangle  EFD,  (that  is,  the  rectangle 
contained  by  DF,  FE,)  has  been  proved  to 
be  equal  to  the  square  of  FH  ;  therefore  the 
rectangle  contained  by  KF,  FG  is  equal  to 
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the  same  square  of  FH.  It  may,  in  like  man-  book  i. 
ner,  be  demonstrated,  that  the  square  of  any 
straight  line  whatever,  drawn  from  the  line 
GHK,  so  as  to  be  perpendicular  to  GK,  is 
equal  to  the  rectangle  contained  by  the  seg¬ 
ments  into  which  that  straight  line  divides  the 
same  GK :  the  section  GHK  is,  therefore,  a 
circle  having  GK  for  a  diameter.  * — A  section 
of  this  kind  may  be  named  a  sub-contrary  sec¬ 
tion . 


PROP.  XXV. 

If  a  cone  cut  through  the  axis  by  a  plane, 
be  cut  likewise  by  another  plane,  cut¬ 
ting  its  base  in  the  direction  of  a  straight 
line  perpendicular  to  the  base  of  the 
triangle  passing  through  the  axis ;  and 
if  the  common  section  of  the  triangle 
through  the  axis,  and  of  the  plane  cut¬ 
ting  the  base  of  the  cone  in  the  direction 
of  the  perpendicular,  be  parallel  to  one 


See  the  lemma  placed  at  the  end  of  this  book. 
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of  the  sides  of  the  triangle  through  the 
axis  ;  the  line  which  is  the  common 
section  of  the  plane  cutting  the  base, 
and  of  the  conical  surface,  is  a  parabo¬ 
la,  having  for  a  diameter  the  straight 
line  which  is  the  common  section  of  the 
triangle  through  the  axis,  and  of  the 
same  plane  cutting  the  base. 

Let  there  be  a  cone,  the  vertex  of  which  is 
the  point  A,  and  the  base  the  circle  BC  ;  let 
it  be  cut  through  the  axis  by  a  plane,  and  let 
the  section  be  the  triangle  ABC ;  let  it  be 
also  cut  by  another  plane,  cutting  its  base  in 
the  direction  of  the  straight  line  DE  perpen¬ 
dicular  to  the  straight  line  BC ;  let  the  line 
DFE  be  the  section  made  in  its  surface  ;  and 
let  FG,  the  common  section  of  the  triangle 
through  the  axis,  and  that  other  plane,  be 
parallel  to  AC,  one  of  the  sides  of  that  tri¬ 
angle  :  the  line  DFE  is  a  parabola,  and  FG 
one  of  its  diameters. 

In  the  section  DFE  take  any  point  II,  and 
through  II  draw  HK  parallel  to  DE  to  wee- 


64 

BOOK  I. 


Fig.  IS. 
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FG  in  K;  and  through  K  draw  LM  parallel  book  i. 
to  BC  :  therefore  the  plane  passing  through 
HK,  LM  is  (15.  11.  Elem.)  parallel  to  the 
plane  through  DE,  BC,  that  is,  to  the  base 
of  the  cone :  and,  consequently,  the  plane 
through  HK,  LM  is  a  (23.  1.)  circle  of  which 
LM  is  a  diameter.  But  HK  is  perpendicular 
to  LM,  (10.  11.  Idem.)  because  DE  is  per¬ 
pendicular  to  BC :  therefore  the  rectangle 
LKM  is  equal  to  the  square  of  HK  (35.  3. 

Elem.);  and,  in  like  manner,  the  rectangle 
BGC  is  equal  to  the  square  of  DG  :  there¬ 
fore  the  square  of  DG  is  to  the  square  of  HIvy 
as  the  rectangle  BGC  to  the  rectangle  LKM  ; 
and  GC  is  equal  to  KM ;  consequently  the 
rectangle  BGC  is  to  the  rectangle  LKM,  as 
BG  to  LK,  that  is,  as  GF  to  KF :  therefore 
the  square  of  DG  is  to  the  square  of  HK  as 
the  straight  line  GF  to  the  straight  line  KF. 

Let  a  parabola  (19.  1.)  be  described,  which 
may  have  GF  for  a  diameter,  and  F  for  the 
vertex  of  GF,  and  in  which  DG  may  be  or- 
dinately  applied  to  the  same  GF:  and  because 
the  point  D,  by  construction,  is  in  the  para¬ 
bola  described,  the  point  FI  is  likewise  in  this 
same  parabola  (2.  cor.  13.1.).  And  the  same 
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tiling  may  be  demonstrated  with  regard  to  all 
the  points  of  the  section  DFE. 

The  second  Lemma  of  Pappus ,  as  it  is 
extant  in  the  first  hook  of  Apollonius* s 
Conic  Sections . 

Let  ABC  be  a  line,  and  let  AC  be  a 
straight  line  given  in  position  ;  and  let 
all  the  straight  lines  drawn  from  the 
line  ABC,  so  as  to  be  at  right  angles 
to  AC,  be  such,  that  each  of  them  may 
have  its  square  equal  to  the  rectangle 
contained  by  the  segments,  into  which 
it  cuts  AC  ;  ABC  is  the  circumference 
of  a  circle,  and  AC  a  diameter  of  that 
circle. 

From  the  points  D,  B,  E  draw  perpendi¬ 
culars  DF,  BG,  EH  :  then  the  square  of  DF 
is  equal  to  the  rectangle  AFC,  the  square  of 
BG  to  the  rectangle  AGC,  and  the  square  of 
EH  to  the  rectangle  AHC.  Bisect  AC  in 
K,  joining  IvD,  KB,  KE :  then,  since  the 
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rectangle  AFC,  together  with  the  square  of  book  i. 
FK,  is  equal  (5.  2.  Elem.)  to  the  square  of" 

AK,  and  that  the  square  of  DF  is,  by  hypo¬ 
thesis,  equal  to  the  rectangle  AFC ;  the  square 
of  DF,  together  with  the  square  of  FK,  is 
equal  to  the  square  of  AK:  consequently, 
the  square  of  DK  (47.  1.  Elem.)  is  equal  to 
the  same  square  of  AK :  AK,  also,  is  equal 
to  KD.  In  like  manner,  each  of  the  straight 
lines  BK,  EK  may  be  proved  to  be  equal  to 
AK  or  KC ;  consequently  ABC  is  the  cir¬ 
cumference  of  a  circle  which  has  the  point 
K  for  its  centre,  and  is  described  about  AC 
as  a  diameter. 
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OF  THE  ELLIPSIS. 


DEFINITIONS. 

book  ii.  I.  If  in  two  points  D,  E,  taken  in  a  plane, 
are  fixed  the  ends  of  a  string,  the  length  of 

Fig.  1.  f  ’  & 

n.  i.  which  is  greater  than  the  distance  between 
these  points;  and  if  the  point  of  a  pin  H  ap¬ 
plied  to  the  string,  and  held  so  as  to  keep  it 
uniformly  tense,  is  moved  round,  till  it  return 
to  the  place  from  whence  the  motion  began  : 
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the  point  of  the  pin,  as  it  moves  round,  de-  book  ii. 
scribes  upon  the  plane  a  line  called  the  El- 
lipsis. 

II.  The  points  D,  E  are  named  the, foci. 

III.  The  point  C  which  bisects  the  straight 
line  between  the  foci,  is  named  the  centre  of 
the  ellipsis. 

IV.  A  straight  line  passing  through  the 
centre,  and  terminated  both  ways  by  the  el¬ 
lipsis,  is  named  a  diameter ;  and  the  points 
where  a  diameter  meets  the  ellipsis,  are  named 
the  vertices  of  that  diameter. 

V.  The  diameter  which  passes  through  the 
foci,  is  named  the  greater  axis . 

VI.  The  diameter  perpendicular  to  the 
greater  axis,  is  named  the  lesser  axis. 

VII.  Two  diameters,  each  of  which  bisects 
all  straight  lines  in  the  ellipsis  that  are  paral¬ 
lel  to  the  other,  are  named  conjugate  diame¬ 
ters, 

VIII.  A  straight  line  not  passing  through 
the  centre,  but  terminated  both  ways  by  the 
ellipsis,  and  bisected  by  a  diameter,  is  said  to 
be  ordinatelij  applied  to  that  diameter,  or  it  is 
named,  simply,  an  ordinate  to  that  diameter. 

Also  a  diameter  parallel  to  a  straight  line  or- 
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book  ii.  dinately  applied  to  another  diameter,  is  said 
to  be  ordinateli)  applied  to  that  other  diameter. 

IX.  A  third  proportional  to  two  conjugate 
diameters  is  called  the  latus  rectum ,  or  the 
parameter,  of  that  diameter,  which  is  the  first 
of  the  three  proportionals. 

X.  A  straight  line  which  meets  the  ellipsis 
only  in  one  point,  is  said  to  touch  it  in  that 
point. 


PROP.  I.  Tiie or. 

If  two  straight  lines  be  drawn  from  any 
point  in  an  ellipsis  to  the  foci,  they  are 
together  equal  to  the  greater  axis. 

ir‘g-  L  The  two  straight  lines  HD,  HE  drawn  from 
H,  a  point  in  an  ellipsis,  to  the  foci  D,  E  are 
together  equal  to  AB  the  greater  axis. 

Because  H  is  a  point  in  the  ellipsis,  HD, 
HE  are  together  equal  to  the  length  of  the 
string  with  which  it  is  described ;  and  because 
the  point  A  is  likewise  in  the  ellipsis,  DA,  EA 
are  together  equal  to  the  length  of  the  string. 
For  a  like  reason,  EB,  DB  are  together  equal 
to  the  same  length  :  DA,  EA  are,  therefore. 
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equal  to  EB,  DB.  Take  away  the  common  book  ii. 
part  DE,  and  the  remainder,  twice  AD,  will 
be  equal  to  the  remainder  twice  EB :  AD, 
therefore,  is  equal  to  EB.  Add  the  common 
part  AE ;  and  AD,  together  with  AE,  will  be 
equal  to  the  greater  axis :  but  AD,  together 
with  AE,  is  equal  to  the  length  of  the  string, 
that  is,  to  HD  together  with  HE  ;  therefore 
HD  and  HE  are  together  equal  to  the  greater 
axis  AB. 

Cor.  1.  The  greater  axis  is  bisected  in  the 
centre  C.  For  since  (def.  3.)  DC  is  equal  to 
EC,  and  that  DA  is  equal  to  EB ;  AC  is  equal 
to  CB. 

Cor.  2.  Two  straight  lines  drawn  from  a 
point  without  an  ellipsis  to  the  foci,  are  to¬ 
gether  greater  than  the  greater  axis;  but  if 
drawn  from  a  point  within  an  ellipsis  to  the 
foci,  they  are  (20.  1.  Elem.)  together  less  than 
that  axis. 

Cor.  3.  A  point  is  either  in,  without,  or 
within,  an  ellipsis,  according  as  two  straight 
lines  drawn  from  it  to  the  foci  are  either  equal 
to,  greater,  or  less,  than  the  greater  axis. 

(  or.  4.  rl  he  distance  of  either  vertex  F,  or 
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.  G  of  the  lesser  axis  from  either  of  the  foci,  is 
equal  to  half  the  greater  axis.  Join  GD,  GE : 
then,  because  CD  is  equal  to  CE,  and  CG 
common,  and  the  angles  at  C  right  angles; 
the  triangle  CDG  is  equal  to  the  triangle 
CEG  ;  therefore  DG  is  equal  to  EG  :  but 
DG  and  EG  are  together  equal  to  the  greater 
axis ;  therefore  each  of  them  is  equal  to  the 
half  of  it. 

Cor.  5.  The  lesser  axis  FG  is  bisected  in 
the  centre.  Draw  straight  lines  DF,  DG  from 
the  focus  D  to  the  vertices  of  the  lesser  axis; 
then  DF,  DG,  by  the  preceding  corollary, 
will  be  equal ;  the  angle  DFC  is,  therefore, 
equal  to  DGC,  and  (def.  6.)  DCF,  DCG  are 
right  angles;  therefore  CF  is  (26.  1.  Elem.) 
equal  to  CG. 

PROP.  II.  Tiieor. 

The  square  of  half  the  lesser  axis  is  equal 
to  the  rectangle  contained  by  the  seg¬ 
ments  of  the  greater  axis,  intercepted 
between  the  vertices  of  that  axis  and 
either  of  the  foci. 
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Fig.  L 


From  either  focus  as  E  to  either  vertex  of  book  ii. 
the  lesser  axis  as  G,  draw  the  straight  line 
GE ;  let  C  be  the  centre  of  the  ellipsis,  and 
A,  B  the  vertices  of  the  greater  axis :  then 
the  squares  of  GC,  CE  are  together  equal  to 
the  square  of  GE,  that  is,  to  the  square  (4. 
cor.  1.  2.)  of  CB,  that  is,  to  the  rectangle  AEB 
together  with  the  square  of  EC  (5.  2.  Elem.)  : 
take  away  the  common  square  of  CE,  and  the 
remaining  square  of  GC  will  be  equal  to  the 
remaining  rectangle  AEB. 


PROP.  III.  The  or. 


Every  diameter  of  an  ellipsis  is  bisected 

in  the  centre. 

Let  HK  be  a  diameter  j  it  is  bisected  in  Fig.  2. 
the  centre  C  :  for  if  CK  be  not  equal  to  CII, 
let  C k  be  equal  to  CH  ;  and  from  the  points 
11,  K,  k  draw  straight  lines  to  the  foci  D,  E: 
then,  because  CD  is  equal  to  CE,  and  that 
(  k  is  made  equal  to  CH  ;  the  triangle  DCIl 
is  (4.  l.  Elem.)  equal  to  the  triangle  EC£,  and 
the  base  1)11  to  the  base  E k.  In  the  same 
manner,  Eli  is  shown  equal  to  D/c:  therefore 
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book  ii.  E k9  D/t  are  together  equal  to  DH  and  IIE 
together,  that  is,  to  EK  and  DK  together : 
which  is  (21.  1.  Elem.)  absurd  ;  therefore  CH 
is  equal  to  CK. 


PROP.  IV. 


Theor. 


If  a  straight  line  be  drawn  from  a  point  in 
an  ellipsis,  at  right  angles  to  the  greater 
axis  ;  and  if  another  straight  line  be 
drawn  from  the  same  point  to  the  near¬ 
est  focus  ;  half  the  greater  axis  is  to  the 
distance  of  this  focus  from  the  centre, 
as  the  distance  between  the  centre  and 
the  perpendicular  is  to  the  excess  of  half 
the  greater  axis  above  the  straight  line 
drawn  to  this  same  focus. 


From  H,  a  point  in  an  ellipsis,  let  HK  he 
drawn  perpendicular  to  the  greater  axis  AB, 
HE  being  drawn  Irom  the  same  point  to  the 
focus  E  :  then  CD,  the  half  of  the  greater 
axis,  is  to  CE,  the  distance  of'  the  focus  E 


1. 

li.  1.  2. 
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from  the  centre,  as  CK,  the  distance  between  book  ii. 
the  centre  C,  and  the  perpendicular  HK,  is 
to  the  excess  of  CB  above  HE. 

Having  made  BL  equal  to  EH,  and  drawn 
HD  to  the  other  focus,  describe  from  the  cen¬ 
tre  H,  distance  HE,  a  circle  meeting  the  axis 
AB  again  in  O,  and  the  straight  line  DH  in 
the  points  M,  N :  then,  because  DE  is  the 
double  of  CE,  and  OE  the  double  of  (3.  3. 

Elem.)  KE,  the  whole,  or  the  remainder, 

DO,  is  double  the  whole,  or  the  remainder 
CK  :  and  because  E)N  is  equal  to  DH  toge¬ 
ther  with  HE,  that  is,  to  (1.  2.)  AB,  there¬ 
fore  DN  is  the  double  of  CB  :  but  MN  is  the 
double  of  HE  or  LB ;  therefore  the  remain¬ 
der  DM  is  double  the  remainder  CL  :  and 
because  of  the  circle,  the  rectangle  NDM  is 
(cor.  36.  3.  Elem.)  equal  to  the  rectangle 
EDO:  therefore,  as  (16.  6.  Elem.)  ND  or 
AB  to  DE,  so  is  DO  to  DM  :  but  the  halves 
ol  magnitudes  have  the  same  ratio  to  one 
another  which  the  wholes  have  :  as  therefore 
CB  to  CE,  so  is  CK  to  CL,  the  excess  ofCB 
above  LB,  or  HE. 

Coh.  If  in  a  straight  line  AB  given  in  po-  14 

1  n .  l . 
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book  ii.  sition  and  magnitude,  and  bisected  in  C,  a 
point  E  be  taken  between  the  points  B,  C  ; 
and  from  a  point  H,  KH  be  drawn  perpen¬ 
dicular  to  AB;  and  HE  be  joined,  and  BL 
placed  equal  to  it  towards  the  point  C  :  and 
if  CL,  CK,  CE,  BC  be  proportionals,  and  L, 
K  be  on  the  same  side  of  C  ;  the  point  H  is 
in  an  ellipsis  given  in  position,  that  is,  in  an 
ellipsis  that  has  AB  for  the  greater  axis,  and 
the  point  E  for  one  of  the  foci. 

Make  AD  equal  to  BE,  and,  as  directed  in 
the  first  definition,  describe  an  ellipsis  that 
shall  have  AB  for  the  greater  axis,  and  the 
points  D,  E  for  the  foci  ;  the  point  H  will 
be  in  that  ellipsis  :  for,  if  not,  let  KH  meet 
the  ellipsis  in  the  point  Q  ;  join  EQ,  and  make 
BR  equal  to  it :  therefore,  by  the  proposition, 
as  CR  to  CK,  so  is  CE  to  CB  ;  but  by  hypo¬ 
thesis,  CL  is  to  CK  as  CE  to  CB ;  therefore 
CR  is  to  CK  as  CL  to  CK  :  CL,  therefore,  is 
equal  to  CR ;  which  is  absurd  :  the  ellipsis, 
therefore,  meets  not  the  straight  line  KH  in 
Q;  nor,  as  may  in  like  manner  be  proved, 
does  it  meet  HK  in  any  other  point  on  the 
same  side  of  AB  than  the  point  H.  There¬ 
fore  the  point  H  is  in  the  ellipsis. 
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book  ir. 

PROP.  V.  Theor. 

The  same  construction  remaining,  if  from  Fig.  i. 

0  n.  i.  2. 

the  vertex  of  the  greater  axis  nearest  to 
H,  the  part  BL  be  taken  equal  to  the 
distance  of  H  from  the  focus  E  ;  the 
square  of  the  perpendicular  HK,  is 
equal  to  the  excess  of  the  rectangle 
AKB,  contained  by  the  segments  into 
which  the  axis  is  divided  in  the  point 
K,  above  the  rectangle  DLE,  contained 
by  the  segments  into  which  the  distance 
of  the  foci  is  divided  in  the  point  L. 

For  since  the  straight  line  CB  is  cut  into  any 
two  parts  in  the  point  L,  the  squares  of  BC, 

CL  are  together  equal  (7.  2.  Elem.)  to  twice 
the  rectangle  BCL,  together  with  the  square 
of  BL,  that  is,  to  twice  (preced.  prop,  and 
16.  6.  Elem.)  the  rectangle  ECK,  together 
with  the  square  of  BL,  or  HE,  that  is,  to 
twice  the  rectangle  ECK,  together  with  the 
squares  of  KE,  KH,  that  is,  to  the  (7.  2.  E- 
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•  Iem.)  squares  of  EC,  CK,  and  KH  together  : 
the  squares,  therefore,  of  BC,  CL  are  toge¬ 
ther  equal  to  the  squares  of  EC,  CK,  and  KH 
together :  but  the  squares  of  BC,  CL  are  to¬ 
gether  equal  (5.  2.  and  2.  ax.  Elem.)  to  the 
rectangle  AKB,  together  with  the  squares  of 
CK,  CL,  and  the  squares  of  EC,  CK,  and 
KH  together  are  equal  (5.  2.  and  2.  ax.  E- 
lem.)  to  the  rectangle  DLE,  together  with  the 
squares  of  CL,  CK,  KH  :  therefore  the  rec¬ 
tangle  AKB,  together  with  the  squares  of 
CK,  CL,  are  equal  to  the  rectangle  DLE, 
together  with  the  squares  of  CL,  CK,  KH  : 
from  these  equals  take  away  the  common 
squares  of  CK,  CL,  and  there  will  remain  the 
rectangle  AKB,  equal  to  the  rectangle  DLE, 
together  with  the  square  of  HK  ;  conse¬ 
quently,  the  square  of  KH  is  the  excess  of 
the  rectangle  AKB  above  the  rectangle  DLE. 

PROP.  VI.  Theor. 

If  a  straight  line  be  drawn  from  a  point  of 
an  ellipsis,  perpendicular  to  either  axis  ; 
the  square  of  that  axis  is  to  the  square 
of  the  other  axis,  as  the  rectangle  con- 
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tained  by  the  segments  of  the  first  men-  book  ii. 
tioned  axis  is  to  the  square  of  the  per¬ 
pendicular. 

Let  H  he  the  point,  in  the  ellipsis,  from 
which  the  straight  line  is  drawn  perpendicu¬ 
lar  to  either  axis,  &c. 

First,  let  HK  be  perpendicular  to  AB  the 
greater  axis ;  the  square  (/’AB  is  to  the  square 
of  FG  as  the  rectangle  AI\B  to  the  square  of 
HK.  Having  drawn  to  the  foci  D,  E  two 
straight  lines  HD,  HE,  place,  from  the  ver¬ 
tex  of  the  greater  axis,  and  towards  the  cen¬ 
tre  C,  the  straight  line  BL  equal  to  HE  the 
lesser  of  them  ;  and  because  CB,  CE,  CK, 

CL,  are  (4.  2.)  proportionals,  their  squares  are 
also  proportionals:  but  the  square  of  CB  is 
(5.  2.  Elem.)  made  up  of  the  square  of  CK 
and  the  rectangle  AKB  ;  and  the  square  of 
CE  of  the  (5.  2.  Elem.)  square  of  CL  and  the 
rectangle  DLE  ;  therefore  the  square  of  CB 
is  (4.  of  this  and  19.  5.  Elem.)  to  the  square 
of  CE,  as  the  remaining  rectangle  AKB  to 
the  remaining  rectangle  DLE ;  and,  by  con* 
version,  the  square  of  CB  is  (5.  2.  Elem.)  to 
the  rectangle  AEB,  as  the  rectangle  AKB  to 
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book  ii.  its  excess  above  the  rectangle  13LE,  that  is, 
as  the  rectangle  AKB  to  (preceding  prop.) 
the  square  of  KH  :  but  (2.  2.)  the  rectangle 
AEB  is  equal  to  the  square  of  CF  :  therefore, 
as  the  square  of  CB  to  the  square  of  CF,  so 
is  the  rectangle  AKB  to  the  square  of  KH ; 
the  square,  therefore,  of  AB  is  to  that  of  FG, 
as  the  rectangle  AKB  to  the  square  of  HK. 
Fig- 1'  In  the  other  case,  let  HP  be  perpendicular 
to  the  lesser  axis  ;  the  square  of  FG  is  to  the 
square  of  AB,  as  the  rectangle  GFF  to  the 
square  of  HP.  The  square  of  CB,  as  hath 
been  proved,  is  to  the  square  of  CF,  as  the 
rectangle  AKB  to  the  square  of  HK  or  PC : 
consequently  the  square  of  CF  (prop.  B.  and 
19.  5.  Elem.)  is  to  the  square  of  CB,  as  the 
rectangle  FPG  to  the  square  of  CK,  that  is, 
as  the  rectangle  FPG  to  the  square  of  HP. 

Cor.  1.  Hence  the  squares  of  straight  lines 
drawn  from  points  of  an  ellipsis  perpendicular 
to  either  axis,  are  to  one  another  as  the  rectan¬ 
gles  contained  by  the  segments  of  that  axis. 
i'ig.  2.  For  let  HM,  PQ  be  perpendicular  to  the  axis 
AB  in  M  and  A  ;  and,  by  the  proposition,  the 
rectangle  AMB  is  to  the  square  of  HM  as 
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the  square  of  AB  to  the  square  of  FG,  that  book  ii. 
is,  as  the  rectangle  AQB  to  the  square  of 
PQ;  and,  alternately,  the  rectangle  AMB  is 
to  the  rectangle  AQB,  as  the  square  of  HM 
to  the  square  of  PQ. 

Cor.  2.  If  a  circle  be  described  upon  either  rig.  ?. 
axis  as  a  diameter,  and  MH,  QP  perpendi¬ 
cular  to  that  axis,  meet  the  circumference  in 
the  points  N,  R;  these  perpendiculars  be¬ 
tween  the  axis,  and  the  circumference  of  the 
circle,  are  to  one  another  as  their  segments 
between  the  axis  and  the  ellipsis:  for  the 
rectangles  AMB,  AQB  are  equal  (35.  3.  E- 
lem.)  to  the  squares  of  MN,  QR,  each  to 
each  :  therefore  the  square  of  MN  is  to  the 
square  of  QR,  as  the  square  of  MH  to  the 
square  of  QP  ;  consequently  the  straight  lines 
MN,  QR,  MH,  QP  themselves  are  also  (22. 

6.  Elem.)  proportionals. 

PROP.  VII.  Theor. 

Every  straight  line  terminated  both  ways 
in  an  ellipsis,  and  parallel  to  either  ax¬ 
is,  is  bisected  by  the  other  axis  ;  that 

is,  the  axes  are  conjugate  diameters. 

F 
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book  n.  Let  HL  be  parallel  to  the  axis  FG,  and 
meet  the  other  axis  AB  in  M,  and  the  circle 
described  upon  AB  in  the  points  N,  O  ;  then, 
as  MN  to  MO,  (2.  cor.  preceding  prop.)  so  is 
MH  to  ML  :  and  because  NO  is  cut  at  right 
angles  by  AB,  MN  is  equal  to  (3.  3.  Elem.) 
MO  ;  therefore  MH  is  also  equal  to  ML. 

PROP.  VIII.  Theor. 

Every  straight  line  terminated  both  ways 
in  an  ellipsis,  and  bi-sected  by  one  axis, 
is  parallel  to  the  other. 

Fig.  2.  If  the  straight  line  HP  is  bisected  in  S  by 
the  axis  FG,  it  is  parallel  to  the  other  axis 
AB.  Draw  HM,  PQ  parallel  to  FC,  and  let 
them  meet  the  circle  described  upon  AB  in 
the  points  N,  R  :  then,  because  HM,  FC, 
PQ  are  parallels,  as  HS  to  SP,  so  is  MC  to 
CQ  ;  but  HS  is  equal  to  SP  ;  therefore  MC 
is  equal  to  CQ;  consequently  MN  is  (14.  3. 
Elem.)  equal  to  QR  ;  and  therefore  HM  is 
equal  to  (2.  cor.  6.  2.)  PQ:  but  HM  is  also 
parallel  to  PQ;  therefore  HP  is  (33.  l.  E- 
lem.)  parallel  to  MQ. 
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Cor.  Hence  straight  lines  HM,  PQ,  paral-  book  it. 
lei  to  either  axis  FG,  and  which  cut  off  be* 
tween  the  centre  and  the  points  where  they 
terminate  in  the  other  axis,  equal  segments 
MC,  QC  of  this  other  axis,  are  equal  to  each 
other  :  and,  on  the  contrary,  if  HM,  PQ  be 
equal  to  each  other,  and  parallel  to  either 
axis,  they  cut  off  (2.  cor.  6.  2.  and  14.  3. 

Elem.)  equal  segments  MC,  QC  of  the  other 
axis. 


PPtOP.  IX.  Theor. 

Of  all  diameters  the  greater  axis  is  the 
greatest,  and  the  lesser  axis  the  least  ; 
and  a  diameter  which  is  nearer  to  the 
greater  axis,  is  greater  than  one  more 
remote. 


Let  CB  be  half  the  greater  axis,  and  FC  Fig.  2. 
half  the  lesser;  let  CH  be  any  other  semi¬ 
diameter,  and  draw  HM  at  right  angles  to 
CB  :  and  because  the  square  of  CB  is  to  the 
square  of  CF  as  the  rectangle  AMB  to  the 
square  of  HM,  and  that  (4.  cor.  1.  2.)  CB  is 
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book  II.  greater  than  CF ;  therefore  the  rectangle 
AMB  is  greater  than  the  square  of  HM  :  to 
these  unequals  add  the  common  square  of 
CM  ;  and  the  square  of  CB  (5.  2.  Elem.)  will 
be  greater  than  that  of  CH  (47.  1.  Elem.); 
and  consequently  the  straight  line  CB  will 
be  greater  than  CH.  Next,  draw  HS  at  right 
angles  to  the  lesser  axis,  and  it  may,  in  the 
same  manner,  be  demonstrated,  that  CF  is 
less  than  CH :  therefore,  of  all  semidiame¬ 
ters,  CB  is  the  greatest,  and  CF  the  least. 

Fig.  2.  Let  CT  be  more  remote  from  the  greater 
axis  than  CH  ;  and  then  CH  will  be  greater 
than  CT :  draw  TV  parallel  to  HM,  and  let 
it  meet  AB  in  V,  and  the  ellipsis  again  in  X, 
and  let  HZ  be  parallel  to  MV,  and  makeCQ 
equal  to  CM. 

Because  the  rectangle  AVB,  which  con¬ 
sists  of*  the  rectangles  AMB  and  QVM,  is 


*  This  is  demonstrated  in  prop.  31.  book  7.  of  Pappus  Alexan- 

See  fig.  2  drinus.  The  proposition  is  to  this  purpose.  “  If  in  a  straight 

ot  this  line  AB  two  equal  straight  lines  AQ,  BM  be  taken,  and  also  anv 
book. 

point  V  between  Q  and  M  ;  the  rectangle  AVB  is  equal  to  the 
rectangles  AMB,  QVM  together.”  For  AB  being  bisected  in 
C,  the  rectangle  AVB,  together  with  the  square  of  CV,  is  (5.  2. 
Elem.)  equal  to  the  square  of  CB,  that  is,  to  the  rectangle  AMB. 
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to  the  square  of  VT,  which  (5.  2.  Elem.)  is  book  ii. 
made  up  of  the  square  VZ  and  rectangle 
TZX,  as  (1.  cor.  6.  2.)  the  rectangle  AMB 
to  the  square  of  MH  or  VZ ;  the  whole  the 
rectangle  AVB,  is  to  the  whole  the  square  of 
VT,  as  (19.  5.  Elem.)  the  remaining  rectan¬ 
gle  QVM  to  the  remaining  rectangle  TZX  : 
but  the  rectangle  AVB  is  (6.  of  this  and  prop. 

A.  5.  Elem.)  greater  than  the  square  of  VT; 
therefore  the  rectangle  QVM  is  also  greater 
than  TZX.  To  these  unequals  add  the  square 
of  CV,  and  the  square  of  CM  (5.  2.  Elem.) 
will  be  greater  than  the  rectangle  TZX  toge¬ 
ther  with  the  square  of  CV.  Add  to  the  same 
unequals,  the  square  of  MH  or  ZV,  and  ihe 
squares  of  CM,  MH  together,  will  be  greater 
than  the  squares  of  VT,  VC  together  ;  that 
is,  the  square  of  CH  is  greater  than  the  square 
of  CT ;  consequently  CH  is  greater  than  CT. 


together  with  the  square  of  CM  (5.  2.  Elem.)  that  is,  to  the  rec¬ 
tangle  AMB,  together  with  the  rectangle  QVM,  and  the  square 
of  CV  (5.  2.  Elem.)  Take  away  the  common  square  of  CV,  and 
the  remaining  rectangle  AVB  is  equal  to  both  the  remaining 
rectangles  AMB,  QVM. 


V 
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LEMMA  I. 


Fig.  3.  4. 


If  a  point  A  be  taken  in  a  straight  line 
AE,  and  two  parallels  BC,  DE  be  drawn 
on  the  same  side  of  AE,  and  on  the 
same  side  of  the  point  A,  or  on  the 
contrary  sides  of  AE,  and  on  the  con¬ 
trary  sides  of  the  point  A  ;  if  these 
parallels  have  the  same  ratio  to  each 
other,  as  the  segments  of  AE,  which 
are  intercepted  between  them  and  the 
point  A  ;  the  extremities  B,  D  of  the 
parallels  and  the  point  A  are  in  the 
same  straight  line. 


Fig.  3.  In  the  one  case,  complete  the  parallelo¬ 
grams  AB,  AD ;  which  are  similar,  and  have 
the  angle  at  A  common  :  consequently  they 
are  about  the  same  (26.  6.  Elem.)  diameter, 
that  is,  the  points  A,  B,  D  are  in  the  same 
straight  line. 

Fig.  4.  In  the  other  case,  join  BA,  DA  :  and  be¬ 
cause  BC  is  to  CA  as  DE  to  EA,  and  the 
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angle  BCA  equal  to  DEA,  the  triangles  book  ii. 
ABC,  ADE  are  equiangular  (6.  6.  Elem.)  ; 
consequently  the  angle  EAD  is  equal  to  the 
angle  CAB :  and  therefore  AB,  AD  make 
(14.  1.  Elem.)  one  straight  line, 

LEMMA  II. 

If  two  parallel  straight  lines  AC,  BD  be  Fig.  5.  e. 
drawn  from  two  points  A,  B,  and  other 
two  parallels  AE,  BE,  from  the  same 
points,  coinciding  or  not  with  the  pa¬ 
rallels  AC,  BD,  and  having  the  same 
ratio  to  each  other  as  the  parallels  AC, 

BD,  and  lying  on  the  same  side  of  AB, 
or  on  the  contrary  sides  of  it,  according 
as  the  parallels  AC,  BD  are  on  the 
same  side  of  AB  or  on  the  contrary 
sides  of  it;  and  if  a  straight  line  be 
drawn  either  through  the  extremities 
of  the  two  first,  or  two  last  of  these 
parallels,  the  point  G  where  it  meets 
AB,  is  in  the  same  straight  line  with 

f  4 
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book  ii.  the  extremities  of  the  other  two  paral- 

lels. 

Let  a  straight  line  be  drawn  through  C,  D 
the  extremities  of  the  parallels  AC,  BD,  and 
let  it  meet  the  straight  line  AB  in  the  point 
G  ;  the  extremities,  E,  F  of  the  other  two 
parallels  AE,  BF,  and  the  point  G,  are  in  the 
same  straight  line.  For  since  the  triangles 
AGC,  BGD  are  equiangular,  AG  is  to  BG 
as  AC  to  BD  :  but  AC  is  to  BD  (by  hypothe¬ 
sis)  as  AE  to  BF ;  therefore  AG  is  to  BG  as 
AE  to  BF :  consequently,  by  the  preceding 
lemma,  the  points  G,  E,  F  are  in  one  and  the 
same  straight  line.  Also,  if  a  straight  line  be 
drawn  through  the  extremities  E,  F  of  the 
parallels  AE,  BF  the  point  where  it  meets 
AB,  and  the  extremities  C,  D  of  the  other 
two  parallels,  are  in  the  same  straight  line. 


LEMMA  III. 


Fig.  o.  The  same  things  being  still  supposed  as  in 
the  second  lemma,  if  through  the  ex¬ 
tremities  of  either  of  the  two  parallels 
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two  straight  lines  be  drawn  parallel  to  book  ii. 

—  --mt* 

each  other,  and  intersecting  AB  ;  the 
straight  lines  that  join  the  two  points 
of  intersection,  and  the  corresponding 
extremities  of  the  other  two  parallels, 
are  likewise  parallel. 

Let  CH,  DK  be  drawn  parallel  to  each 
other  through  the  extremities  C,  D,  of  the 
parallels  AC,  BD ;  and  let  them  meet  AB 
in  the  points  H,  K ;  the  straight  lines  EH, 

FK,  which  join  the  extremities  of  the  other 
two  parallels  AE,  BF,  and  the  corresponding 
points  H,  K  in  the  straight  line  AB,  are  like¬ 
wise  parallel. 

Because  both  AC,  BD,  and  CH,  DK,  are  , 
parallels,  the  triangles  ACH,  BDK  are  equi¬ 
angular  ;  therefore  AH  is  to  BK  as  AC  to 
BD,  that  is,  by  hypothesis,  as  AE  to  BF ;  and 
the  angle  EAH  is  equal  to  FBK :  therefore 
the  triangle  AHE  (6.  6.  Elem.)  is  equiangular 
to  BKF:  therefore  the  angle  AHE  is  equal 
to  BKF;  and  consequently  EH  is  (27.  and 
28.  1.  Elem.)  parallel  to  FK. 


CONIC  SECTIONS. 


PROP.  X.  Th  EOIU 

If  from  any  point  of  an  ellipsis  E,  which 
is  not  the  vertex  of  either  axis,  a  straight 
line  EF  be  drawn  parallel  to  either  axis 
CD,  meeting  a  circle  described  upon  the 
other  axis  in  the  point  G,  and  if  another 
straight  line  be  drawn  touching  the  cir¬ 
cle  in  the  point  where  the  parallel  meets 
it ;  this  other  straight  line  meets  the 
common  diameter  of  the  ellipsis  and  the 
circle  ;  and  a  straight  line  drawn  from 
the  point  where  it  meets  that  diameter, 
to  the  point  E  in  the  ellipsis,  touches 
the  ellipsis  :  also  a  straight  line  which 
is  drawn  through  the  vertex  of  either 
axis  parallel  to  the  other  axis,  touches 
the  ellipsis. 

Let  AB  be  the  other  axis  of  the  ellipsis, 
and  C  the  centre  of  the  ellipsis  and  circle, 
and  join  CG  \  let  GN  touch  the  circle  in  CL 
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and  meet  the  common  diameter  AB  in  H ; 
the  straight  line  that  joins  the  point  H  and 
the  point  E  taken  in  the  ellipsis,  touches  the 
ellipsis. 

Because  CGN  is  a  right  angle,  and  GCB 
less  than  the  right  angle  DCB  ;  GN,  CB  will 
necessarily  meet :  let  them  meet  in  H,  and 
join  HE;  HE  will  touch  the  ellipsis  in  the 
point  E  :  if  not,  let  it,  if  possible,  meet  the 
ellipsis  again  in  K,  and  through  K  draw  a 
straight  line  parallel  to  EE,  to  meet  AB  in 
L,  and  the  circle  in  M  :  then,  because  EF  is 
to  KL  as  GF  to  ML,  (2.  cor.  6.  2.)  and  the 
points  H,  K,  E  are  in  one  straight  line ;  the 
points  H,  M,  G  are  likewise  in  one  (lemma 
2.)  straight  line  :  consequently  the  straight 
line  HG  meets  the  circle  in  two  points  G  and 
M  :  but,  by  hypothesis,  the  same  HG  touches 
the  circle ;  which  is  absurd  :  therefore,  HE 
meets  the  ellipsis  no  where  but  in  the  point 
E  ;  and  consequently  touches  it  in  this  point. 

Draw,  through  D,  the  vertex  of  either  axis 
CD,  a  straight  line  parallel  to  the  other  axis 
AB ;  this  straight  line  touches  the  ellipsis: 
for  if  not,  it  will  meet  the  ellipsis  in  more 
points  than  one,  Jet  it,  if  possible,  meet  the 
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book  ii.  ellipsis  again  in  O ;  and  through  O  draw  a 
straight  line  parallel  to  CD,  meeting  AB  in 
P,  and  the  circle  in  Q ;  also  let  CD  meet  the 
circle  in  R.  Then,  because  CO  is  a  parallelo¬ 
gram,  CD  is  equal  to  PO :  but  as  CD  to  PO, 
so  is  CR  to  PQ  (2.  cor.  6.  2.) ;  CR,  therefore, 
and  PQ  are  equal :  but  they  are  also  parallel ; 
consequently,  if  QR  be  joined,  it  will  be  pa¬ 
rallel  to  CP ;  and  the  angle  QRC  is,  therefore, 
a  right  angle.  And  thus  RQ,  drawn  perpen¬ 
dicular  to  a  diameter  of  the  circle  from  the 
extremity  of  that  diameter,  falls  within  the 
circle;  which  is  absurb  (16.  3.  Elem.):  there¬ 
fore  DO  touches  the  ellipsis. 

Cor.  1.  If  EH  touch  the  ellipsis,  and  GH 
be  joined,  it  may  be  shown  in  the  same  man¬ 
ner  that  GH  touches  the  circle. 

Cor.  2.  From  a  point  in  an  ellipsis,  only 
one  straight  line  can  be  drawn  which  will 
touch  that  ellipsis :  were  it  possible  for  two 
straight  lines  to  touch  the  ellipsis  in  one  and 
the  same  point,  two  could  also  touch  the  cir¬ 
cle  in  one  point ;  which  is  against  the  cor.  to 
16.  3.  Elem. 

Cor.  3.  A  straight  line  cannot  meet  an 
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ellipsis  in  more  than  two  points;  for  could  a  book  II. 
straight  line  meet  the  ellipsis  in  more  than  wyw 
two  points,  a  straight  line  could  also  meet  the 
circle  in  more  than  two  points;  which  would 
be  an  absurdity :  the  ellipsis,  therefore,  is  con¬ 
vex  on  the  side  where  straight  lines  touch  it, 
but  concave  on  the  contrary  side. 

Cor.  4.  The  angle  contained  by  any  dia¬ 
meter,  which  is  not  either  axis  of  the  ellipsis, 
and  that  part  of  the  tangent  at  its  vertex  which 
meets  the  greater  axis,  is  greater  than  a  right 
angle.  Let  CE  be  the  diameter,  EH  the 
tangent,  and  AB  the  greater  axis,  the  other 
things  remaining  as  in  the  proposition  ;  the 
angle  CEH  is  greater  than  CGH,  that  is,  (21. 

1.  Elem.)  greater  than  a  right  angle. 

Cor.  5.  The  proposition  points  out  a  me¬ 
thod  by  which,  if  the  greater  axis  be  given 
in  position  and  magnitude,  a  straight  line  can 
be  drawn  that  shall  touch  an  ellipsis  described 
upon  the  axis,  in  a  given  point. 

Cor.  6.  Two  straight  lines  touching  an  el¬ 
lipsis  in  the  vertices  of  a  diameter  are  parallel. 

Let  Eli,  ST  touch  the  ellipsis  in  the  ver-  Fig.  i?. 
lices  of  the  diameter  ECS,  and  let  them  meet 
the  axis  AB  in  II,  T;  draw  EF,  SV  perpen- 
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book  ii.  dicular  to  the  same  axis,  meeting  the  circle 
w"yW  described  upon  it  in  G,  X  ;  join  GH,  XT, 
which,  by  cor.  1.  will  touch  the  circle  in  G, 
X :  and  because  GF,  XV  are  divided  in  the 
same  ratio,  (2.  cor.  6.  2.)  in  the  points  E,  S, 
and  that  ECS  is  a  straight  line ;  therefore  the 
points  G,  C,  X  are  also  in  a  straight  line  (lem. 
2.) :  and  because  GH,  XT,  which  touch  the 
circle  in  the  vertices  of  the  diameter  GX,  arc 
parallels,  EH,  ST  are  also  parallels,  (lem.  3.) 

PROP.  XI.  Theor. 

If  from  a  point  of  an  ellipsis  two  straight 
lines  be  drawn  to  the  foci,  and  a  straight 
line  be  drawn  bisecting  the  angle  adja¬ 
cent  to  that  contained  by  these  two 
straight  lines ;  that  straight  line  touches 
the  ellipsis. 

Fig.  is.  Case  1.  When  the  straight  line  bisecting 
the  angle  is  parallel  to  the  greater  axis.  Let 
AB  be  the  greater  axis,  C  the  centre,  and  D, 
E  the  foci ;  from  a  point  F  of  the  ellipsis  draw 
the  straight  lines  FD,  FE  j  let  FH,  which  bi- 
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sects  the  angle  EFG,  be  parallel  to  the  greater  book  ii. 
axis  AB;  FH  touches  the  ellipsis.  Make  FG 
equal  to  FE,  join  EG,  and  let  it  meet  FH  in 
H ;  then,  since  FE  is  equal  to  FG,  and  FH 
common,  and  the  angle  EFH  equal  to  GFH, 

EH  is  equal  to  HG :  and  FH,  ED  being  pa¬ 
rallels,  EH  is  to  HG  as  DF  to  FG;  DF, 
therefore,  is  equal  to  FG,  that  is  to  FE ;  and 
in  the  triangles  DEC,  EFC,  FC  is  common, 
and  DC  equal  to  CE  ;  therefore  (8.  1.  Elem.) 
the  angles  at  C  are  equal :  and  thus  each  of 
them  is  a  right  angle ;  therefore  CF  is  (def. 

6.  2.)  the  half  of  the  lesser  axis  ;  and  conse¬ 
quently,  FH,  which  is  parallel  to  the  other 
axis,  touches  (10.  2.)  the  ellipsis. 

Case  2.  Let  FH  be  inclined  to  the  greater  Fig.  ii, 
axis,  and  meet  it  in  K ;  and  the  remaining 
part  of  the  construction  in  the  first  case  being 
repeated,  draw  FL  at  right  angles  to  the  same 
axis,  and  let  it  meet  the  circle  described  upon 
AB  in  the  point  M:  joining  MK,  and  draw¬ 
ing  MC  to  the  centre,  make  BN  equal  to  EF ; 

AN  will  consequently  (1.  2.)  be  equal  to  DF. 

And  since  the  outward  angle  EFG  of  the  tri¬ 
angle  DFE  is  divided  into  two  equal  parts  by 
the  straight  line  FII,  which  meets  the  base 
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book  ii.  DE  in  the  point  K ;  therefore  DK  is  to  KE 
'  as  DF  to  FE  (Prop.  A.  6.  Elem.),  that  is,  as 
AN  to  NB :  and  by  composition,  DK  together 
with  KE  is  to  KE  as  AB  to  NB :  take  the 
halves  of  the  antecedents,  and  CK  *  will  be 
to  KE  as  CB  to  BN ;  and,  by  conversion  and 
alternation,  CK  is  to  CB  as  CE  to  CN,  that 
is,  as  CB  to  CL  (4.  2.) :  but  CB  is  equal  to 
CM ;  therefore,  as  CK  to  CM,  so  is  CM  to 
CL :  therefore  the  triangle  CMIv  is  equian¬ 
gular  (6.  6.  Elem.)  to  CLM.  But  CLM  is  a 
right  angle ;  therefore  the  angle  CMK  is  also 
a  right  angle  ;  and  consequently  the  straight 
line  MK  touches  the  circle  (16.  3.  Elem.); 
therefore  FK  touches  the  ellipsis  (10.  2.). 

Otherwise  :  Produce  DF  to  G,  so  that  FG 
may  be  equal  to  FE ;  and  in  FK  take  any 
point  O,  and  join  OD,  OE,  OG,  and  EG,  and 
let  this  last  meet  FK  in  P ;  then,  because  FE 
is  equal  to  FG,  FP  common,  and  the  angle 
EFP  equal  to  GFP;  therefore  EP,  GP  are 
equal,  and  the  angles  at  P  right  angles ;  there¬ 
fore  OE  is  equal  to  OG :  but  DO,  OG  are 


*  See  Prop.  8.  Elem.  Plane  Trigon.  annexed  to  our  author1' 
edition  of  Euclid’s  Elements. 
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together  greater  than  DG;  consequently  DO,  book  it. 
OE  are  also  greater  than  the  same  DG,  that  wvw 
is,  than  DF,  FE  together,  or  than  the  greater 
axis  AB  :  the  point  O  is,  consequently,  with¬ 
out  the  ellipsis  (3.  cor.  1.2.);  and,  consequent¬ 
ly,  FK  touches  the  ellipsis. 

Cor.  Conversely,  if  a  straight  line  FK  touch 
the  ellipsis,  and  DF,  FE  be  drawn  from  the 
point  of  contact  to  the  foci ;  the  angles  DFO, 

EFK,  which  DF,  FE  make  with  the  tangent 
in  contrary  directions  of  it,  are  equal.  For 
let  them  be  unequal;  then  DF  being  produced 
to  G,  the  angles  EFK,  GFK  are  likewise  un¬ 
equal  :  but  by  the  proposition,  a  straight  line 
which  bisects  the  angle  EFG  touches  the  el¬ 
lipsis;  and  by  the  hypothesis,  FK  which  does 
not  bisect  the  angle  EFG  likewise  touches  it 
in  the  point  F;  which  is  (2.  cor.  10.  2.)  absurd. 

PROP.  XII.  Prob. 

The  greater  axis  of  an  ellipsis  being  given 
in  position  and  magnitude,  and  the  foci 
being  given,  to  draw  a  straight  line  pa¬ 
rallel  to  another  straight  line  given  in 
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position,  and  which  shall  touch  the  el¬ 
lipsis. 


Let  AB  be  the  greater  axis,  D,  E  the  foci ; 
let  ST  be  a  straight  line  given  in  position  : 
from  E,  either  of  the  foci,  draw  EV  at  right 
angles  to  ST,  and  from  the  other  focus  D,  as 
a  centre,  with  a  distance  equal  to  AB,  de¬ 
scribe  a  circle :  this  circle  will  meet  EV  in 
two  points;  of  which  let  G  be  either;  and 
having  joined  DG,  draw  EF  to  it,  making 
the  angle  GEF,  equal  to  EGD;  and  through 
F  draw  FK  parallel  to  ST ;  FK  touches  the 
ellipsis  in  the  point  F. 

Because  the  angle  GEF  is  equal  to  EGF, 
EF  is  equal  to  FG ;  therefore  DF,  FE  are 
together  equal  to  DG,  that  is,  to  the  greater 
axis  AB  :  the  point  F  is,  therefore,  in  (3.  cor. 
1.  2.)  the  ellipsis.  Let  FK  meet  the  straight 
line  VE  in  P;  and  because  FK,  ST  are  pa¬ 
rallels,  and  EV  being  at  right  angles  to  ST  is 
likewise  at  right  angles  to  FP  :  therefore  the 
angles  EFP,  GFP  are  equal;  and  therefore 
(preced.  prop.)  FK  touches  the  ellipsis.  In 
like  manner,  by  employing  the  other  point, 
where  the  circle  described  from  the  centre  D 
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meets  EV,  another  tangent  can  be  drawn  pa¬ 
rallel  to  ST. 


BOOK  II. 

— . — ' 


PROP.  XIII.  Theor. 

Every  straight  line  parallel  to  a  straight 
line  that  touches  the  ellipsis,  and  ter¬ 
minated  both  ways  by  the  ellipsis,  is 
bisected  by  the  diameter  that  passes 
through  the  point  of  contact. 


If  the  diameter  be  either  of  the  axes ;  a 
tangent  drawn  through  its  vertex  is  parallel 
to  the  other  axis,  (10.  and  2.  cor.  10.  2.);  and 
thus  a  straight  line  parallel  to  the  tangent  is 
also  parallel  to  this  other  axis ;  and  conse¬ 
quently  is  bisected  by  the  diameter  that  pas¬ 
ses  through  the  point  of  contact  (7.  2.). 

Xow  let  CE  be  any  other  diameter,  and  let  Fig.  i 
EF  touch  the  ellipsis  in  its  vertex;  let  GH, 
parallel  to  EF,  be  terminated  in  G,  II,  two 
points  of  the  ellipsis,  and  meet  the  diameter 
CE  in  K  ;  then  shall  GK  be  equal  to  KII. 

Let  the  tangent  EF  meet  either  axis  AB  in 
F;  let  GH  meet  the  same  axis  in  L;  through 
the  [joints  E,  G,  II  draw  EM,  GN,  HO  per- 
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book  ii.  pendiculars  to  AB,  and  let  them  meet  the 
circle  described  upon  AB  in  the  points  P, 
Q,  U ;  join  FP,  LQ,  CP;  let  LQ  meet  CP 
in  the  point  S,  and  join  SK.  Then,  because 
EF  touches  the  ellipsis,  FP  (1.  cor.  10.  2.) 
touches  the  circle  ;  and  because  the  parallels 
QN,  RO  are  cut  in  the  same  ratio  in  the  points 
G,  II,  and  that  HGL  is  a  straight  line,  the 
points  L,  Q,  II  are  in  a  straight  line  (lemma 
2.).  Again,  since  the  parallels  PM,  QN  are 
cut  in  the  same  ratio  in  the  points  E,  G, 
through  which  the  parallels  EF,  GL,  are 
drawn  ;  therefore  FP,  LQ  are  likewise  pa¬ 
rallels  (lem.  3.) ;  consequently,  CS  is  to  SP, 
as  CL  to  LF,  that  is,  as  CK  to  KE :  there¬ 
fore  KS  is  (2.  6.  Elem.)  parallel  to  EP,  and 
consequently  to  QN,  llO ;  therefore  GK  is 
to  KH,  as  QS  to  SR  :  but  QS  is  equal  to  SR, 
because  CP  being  at  right  angles  to  the  tan¬ 
gent  PF,  is  also  at  right  angles  to  RQ,  which 
is  parallel  to  PF ;  therefore  GK  is  equal  to 
KH. 

Cor.  1.  Conversely  :  any  straight  line  GH, 
terminated  both  ways  by  the  ellipsis,  and  bi¬ 
sected  by  the  diameter  CE;  or,  in  other  words, 
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any  straight  line  ordinately  applied  to  the  book  ii. 
diameter  CE,  is  parallel  to  EF,  the  tangent 
at  its  vertex.  If  not,  draw  a  tangent  that 
shall  be  (12.  2.)  parallel  to  GH  ;  and  GH  will 
be  bisected  by  the  diameter  which  passes 
through  the  point  of  contact :  but,  by  hypo¬ 
thesis,  the  same  GH  is  bisected  by  another 
diameter  CE  ;  which  is  absurd. 

Cor.  2.  All  straight  lines  ordinately  applied 
to  the  same  diameter  are  parallel  to  one  ano¬ 
ther. 

Cor.  3.  If  several  parallels  be  terminated 
both  ways  by  an  ellipsis,  the  diameter  which 
bisects  one  of  them,  bisects  also  the  rest  of 
them :  for  that  one  which  is  bisected  by  a 
diameter,  is  parallel  to  the  tangent  in  the  ver¬ 
tex  of  that  diameter ;  and  consequently  the 
rest  are  parallel  to  the  same  tangent ;  and 
therefore  are  bisected  by  the  same  diameter. 

Cor.  4.  On  the  contrary  :  a  straight  line 
which  bisects  several  parallels  terminated  both 
ways  by  an  ellipsis,  is  a  diameter.  For  if  it 
be  not,  draw  a  diameter  bisecting  one  of  the 
parallels,  and  this  diameter  will  also  bisect 
the  others  :  but,  by  hypothesis,  each  of  them 
is  bisected  by  another  straight  line;  which  is 
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book  ii.  absurd.  And  if,  from  the  point  of  contact, 
a  straight  line  be  drawn  bisecting  another 
straight  line  parallel  to  the  tangent,  and  ter¬ 
minated  both  ways  by  the  ellipsis,  that  straight 
line  is  a  diameter.  For  if  it  be  not,  draw  a 
diameter  through  the  point  of  contact;  this 
diameter,  by  the  prop,  also  bisects  the  paral¬ 
lel  to  the  tangent ;  which  is  absurd. 

Cor.  5.  A  straight  line  which  is  drawn 
through  the  vertex  of  a  diameter,  and  is  pa¬ 
rallel  to  an  ordinate  to  that  diameter,  touches 
the  ellipsis. 

Cor.  6.  Two  straight  lines  in  an  ellipsis, 
which  pass  not  through  the  centre,  do  not 
bisect  each  other :  tor  if  they  bisected  each 
other,  they  would  be  each  of  them  parallel 
to  the  tangent  in  the  vertex  of  the  diameter 
drawn  through  the  point  of  bisection,  and  of 
consequence  they  would  be  parallel  to  each 
other;  which  is  absurd. 

PROP.  XIV.  Theor. 

Two  diameters  of  an  ellipsis,  either  of 
which  is  parallel  to  a  straight  line 
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touching  the  ellipsis  in  either  vertex  of  book  ir. 

the  other,  are  conjugate  diameters. 

Let  ET,  VX  be  two  diameters  ;  let  either  Fig.  l>. 

n.  1.  2. 

of  them,  VX,  be  parallel  to  EF,  a  straight 
line  touching  the  ellipsis  in  the  vertex  E  ol 
the  other ;  then  ET,  VX  are  conjugate  dia¬ 
meters. 

Through  the  vertices  E,  V  draw  perpendi¬ 
culars  EM,  VY  to  either  axis  AB,  meeting 
the  circle  described  upon  it  in  the  points  P, 

Z,  on  the  same  sides  of  the  diameter  AB  with 
the  points  E,  V;  and  from  the  point  F,  where 
EF  meets  AB,  draw  the  straight  line  FP,  which 
will  touch  the  (1.  cor.  10.  2.)  circle  in  P;  and 
from  the  point  Z,  the  straight  line  Z a,  touch¬ 
ing  the  circle,  and  meeting  the  axis  in  a,  join 
aV ;  and  aV  will  touch  the  (10.  2.)  ellipsis; 
and  from  the  centre  draw  CP,  CZ. 

Then,  because  the  parallels  PM,  ZY  are  cut 
in  the  same  ratio  in  the  points  E,  V  through 
which  are  drawn  the  parallels  EF,  VC;  there¬ 
fore  FP,  CZ  are  (Jem.  3.)  also  parallels :  but 
CPF  is  a  right  angle ;  consequently  PCZ  is 
also  a  right  angle:  and  CZa  is  a  right  angle; 
therefore  CP,  Za  arc  parallels ;  and  conse- 
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book  II.  quently  CE  and  ocV  are  parallels :  therefore 
straight  lines  parallel  to  CE  will  likewise  be 
parallel  to  Va,  which  touches  the  ellipsis  in 
V  y  and  of  consequence  they  will  be  bisected 
(13.  2.)  by  the  diameter  CV :  and  because  CV, 
by  hypothesis,  is  parallel  to  EF,  all  straight 
lines  parallel  to  CV  will  likewise  be  parallel 
to  EF,  and  will  consequently  be  bisected  by 
the  diameter  CE  ;  therefore  CE,  CV  are  con¬ 
jugate  diameters  (7.  def.  2.). 

Cor.  1.  And  since  CV  is  the  only  diameter 
that  can  bisect  straight  lines  parallel  to  CE. 
and  terminated  both  ways  by  the  ellipsis,  CV 
alone  is  the  conjugate  to  CE. 

Cor.  2.  Ifi  therefore,  CE,  CV  be  conjugate 
diameters,  each  of  them  is  parallel  to  the  tan¬ 
gent  drawn  through  the  vertex  of  the  other. 

Cor.  3.  On  the  other  hand,  a  straight  line 
drawn  through  the  vertex  of  a  diameter,  pa¬ 
rallel  to  the  conjugate  diameter,  touches  the 
ellipsis  in  that  vertex. 

Cor.  4.  A  straight  line  parallel  to  a  diame¬ 
ter,  and  terminated  both  ways  by  the  ellipsis, 
is  bisected  by  the  conjugate  diameter  :  for  it 
is  parallel  to  the  straight  line  which  touches 
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the  ellipsis  in  the  vertex  of  this  diameter;  and 
consequently  it  is  bisected  by  this  same  conju¬ 
gate  diameter.  On  the  other  hand,  a  straight 
line  bisected  by  a  diameter,  is  parallel  to  the 
conjugate  diameter. 

PROP.  XV.  The  on, 

[f  from  a  point  in  an  ellipsis  to  either  of 
two  conjugate  diameters,  a  straight  line 
be  drawn  parallel  to  the  other,  the 
square  of  the  diameter  it  meets,  is  to 
the  square  of  the  other  diameter,  as  the 
rectangle  contained  by  the  segments 
into  which  the  straight  line  divides  the 
first,  is  to  the  square  of  that  straight 
line. 

Let  ET,  VX  be  conjugate  diameters,  and 
from  a  point  G  of  the  ellipsis  draw  GK  pa¬ 
rallel  to  the  diameter  VX,  meeting  the  other 
ET  in  K ;  then  the  square  of  ET  is  to  the 
square  of  VX,  as  the  rectangle  EKT  to  the 
square  of  GK. 
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book  ii.  por  since  ET,  VX  are  conjugate  diameters, 
YX  is  parallel  to  the  tangent  EF,  drawn 
through  the  vertex  E  of  ET  :  and  the  same 
construction  as  in  the  two  foregoing  propo¬ 
sitions  still  remaining,  and  what  was  there 
demonstrated  being  still  kept  in  view,  let  SK, 
when  produced,  meet  AB  in  the  point  (3; 
and  through  G  draw  the  straight  line  Gy  pa¬ 
rallel  to  the  same  AB,  and  meeting  S[d  in  y ; 
then,  because  PCZ  is  a  right  angle,  and  that 
the  angles  CPM,  MCP  are  together  equal  to 
a  right  angle;  the  angle  PCZ  is  equal  to  the 
same  CPM  and  MCP  together:  take  away 
the  common  angle  MCP,  and  the  remain¬ 
ing  angle  MCZ  is  equal  to  the  remaining 
CPM ;  and  CP,  CZ  are  equal  ;  therefore 
the  right-angled  triangles  PMC,  CYZ  arc 
equal  ;  therefore  PM  is  equal  to  CY.  But 
since  PM,  Sf3,  and  PF,  SL  are  parallels,  the 
triangles  PFM,  SLS  are  equiangular  :  and 
thus  CPM,  SL(3  are  (S.  6.  Elem.)  also  equi¬ 
angular  ;  therefore  CP  is  to  PM  as  SL  to  LG, 
that  is,  as  SQ  to  Nj(3  (2.  6.  Elem.) ;  alternate¬ 
ly  CP  is  to  SQ  as  PM  to  NG  :  but  PM  having 
been  proved  equal  to  CY,  and  that  Gy  is 
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equal  to  N/3 ;  therefore  PM  is  to  N/3,  as  CY  book  ii. 
to  Gy :  and  the  triangles  CVY,  GKy  being  ' 
equiangular,  CY  is  to  Gy,  as  CV  to  GK; 
therefore  (ex  aequali)  CP  is  to  SQ  as  CV 
to  GK:  hence  the  square  of  CP  is  to  the 
square  of  SQ,  as  the  square  of  CV  to  the 
square  of  GK  :  but  the  square  of  CP  is  to  the 
square  of  CS  as  the  square  of  CE  to  the  square 
of  CK  ;  and,  by  conversion,  and  prop.  47.  1. 

Elem.  the  square  of  CP  is  to  the  square  of 
SQ  as  the  square  of  CE  to  the  rectangle  EKT : 
the  square,  therefoi  e,  of  CE  is  to  the  rectan¬ 
gle  EKT,  as  the  square  of  CV  to  that  of  GK  ; 
alternately,  the  square  of  CE  is  to  the  square 
of  CV  as  the  rectangle  EKT  to  the  square  of 
GK:  therefore  (15.  5.  Elem.)  the  square  of 
ET  is  to  that  of  VX,  as  the  rectangle  EKT 
to  the  square  of  GK. 

Universally :  the  square  of  any  diameter 
is  to  the  square  of  its  conjugate,  as  the  rec¬ 
tangle  contained  by  the  segments,  intercepted 
between  its  vertices  and  a  straight  line  ordi- 
nately  applied  to  it,  is  to  the  square  of  the 
segment  of  the  same  straight  line  between  the 
ellipsis  and  that  diameter :  for  an  ordinate  to 
a  diameter  is  parallel  to  the  tangent  drawn 
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book  ii.  through  the  vertex  of  that  diameter;  and 
therefore  is  parallel  to  the  conjugate  diame¬ 
ter. 

Cor.  1.  The  squares  of  straight  lines  ordi- 
nately  applied  to  the  same  diameter,  are  to 
one  another  as  the  rectangles  contained  by 
the  segments  of  that  diameter,  as  was  demon¬ 
strated  (1.  cor.  6.  2.)  with  regard  to  the  axes. 

Cor.  2.  If  ET,  VX  be  conjugate  diameters 
of  an  ellipsis  AT,  and  if  from  a  point  G  a 
straight  line  GK  be  drawn  parallel  to  VX, 
one  of  the  diameters,  and  meeting  the  other 
ET  in  K  ;  and  if  the  square  of  ET  be  to  the 
square  of  VX,  as  the  rectangle  EKT  to  the 
square  of  GK ;  the  point  G  is  in  the  ellipsis. 
For  if  the  point  G  is  not  in  the  ellipsis,  then 
GK  will  meet  it  in  some  other  point  on  that 
side  of  the  diameter  ET,  on  which  G  is ;  let 
it,  if  possible,  meet  the  ellipsis  in  8:  then, 
by  the  proposition,  the  rectangle  EKT  is  to 
the  square  of  £K,  as  the  square  of  ET  to  the 
square  of  VX,  that  is,  by  hypothesis,  as  the 
rectangle  EKT  to  the  square  of  GK  :  hence 
the  square  of  dK  is  equal  to  the  square  of 
GK  ;  and  thus  the  straight  line  3K  is  equal 
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to  the  straight  line  GK;  which  is  impos- book  n. 
sible. 

Cor.  3.  If  from  two  points  G,  g,  one  of 
which,  g,  is  in  the  ellipsis,  there  be  drawn  to 
the  diameter  ET  straight  lines  GK,  g£  paral¬ 
lel  to  straight  lines  ordinately  applied  to  the 
same  ET  ;  if  the  rectangles  EKT,  E^T,  con¬ 
tained  by  the  segments  of  the  diameter  ET, 
which  are  intercepted  between  its  vertices, 
and  the  parallels  drawn  to  it,  have  the  same 
ratio  to  each  other  as  the  squares  of  GK,  g^  ; 
then  the  other  point  G  is  likewise  in  the  el¬ 
lipsis.  This  is  demonstrated  from  cor.  1.  in 
the  same  manner  as  the  second  corollary  from 
the  proposition. 

Cor.  4.  If  a  circle  be  described  upon  AB,  Fis- 1 
a  diameter  of  the  ellipsis,  and  if  straight  lines 
DE,  EG  be  drawn  ordinately  applied  to  the 
diameter  AB  ;  and  if  from  the  points  D,  F 
straight  lines  DH,  FK  be  drawn  perpendicu¬ 
lar  to  the  same  AB,  and  meeting  the  circle 
in  the  points  II,  K;  then  the  perpendiculars 
I)H,  FK  shall  have  the  same  ratio  to  each 
other  which  the  ordinates  DE,  FG  have.  For 
the  squares  of  DE,  FG  have  the  same  ratio 
to  each  other  which  the  rectangles  ADB, 
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book  ii.  AFB  hav-e,  that  is,  which  the  squares  (35.  3. 
Elem.)  of  DH,  FK  have  :  therefore  DH  is 
to  FK,  as  DE  to  FG,  (22.  6.  Elem.) 

Cor.  5.  And  if  two  straight  lines  ordinate- 
ly  applied  to  a  diameter,  cutoff,  between  the 
centre  and  the  points  where  they  meet  that 
diameter,  equal  segments  of  it,  they  are  equal : 
and  if  equal,  they  cut  off',  between  the  centre 
and  these  points,  equal  segments. 

PROP.  XVI.  Theor. 

Fig.  i6.  jf  from  a  point  E  of  an  ellipsis,  a  straight 
line  ED  be  ordinately  applied  to  a  dia¬ 
meter  AB,  and  if  DH  be  drawn  at  right 
angles  to  that  diameter,  meeting  a  cir¬ 
cle  described  upon  the  same  diameter  in 
H  ;  and  if  the  straight  line  touching 
the  circle  in  H,  meet  that  diameter  in 
L,  and  if  EL  be  drawn  joining  the 
points  L  and  E,  the  line  EL  will 
touch  the  ellipsis  in  E  :  and  conversely. 

For  if  EL  do  not  touch  the  ellipsis  it  will 
cut  it ;  let  it,  if  possible,  meet  it  in  another 
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point  M  ;  and  through  M  to  the  diameter  AB  book  ii. 
draw  MN parallel  to  ED  ;  and  through  N  draw 
NO  at  right  angles  to  the  diameter  AB,  meet¬ 
ing  the  circle  in  O  on  the  same  side  of  AB 
with  H  :  since  the  parallels  DE,  NM  are 
drawn  from  the  points  D,  N,  as  also  the  pa¬ 
rallels  DH,  NO,  which  have  the  same  ratio 
to  each  other  (4.  cor.  preced.)  which  DE, 

NM  have,  and  that  the  points  E,  M,  L  are 
in  a  straight  line;  therefore  the  points  H,0, 

L  (lem.  2.)  are  likewise  in  a  straight  line  ;  the 
straight  line  LH,  therefore,  cuts  the  circle  : 
but,  according  to  the  hypothesis,  it  touches 
the  circle  *,  which  is  absurd  :  therefore  LE 
also  touches  the  ellipsis. 

And  conversely  :  it  may  be  shown,  after 
the  same  manner,  that  if  EL  touches  the  el¬ 
lipsis,  LH  likewise  touches  the  circle. 

Cor.  Hence  it  is  manifest  in  what  manner, 
if  a  diameter  of  an  ellipsis  be  given  in  posi¬ 
tion  and  magnitude,  and  the  angle  which  that 
diameter  makes  with  any  straight  line  ordi- 
nately  applied  to  it,  be  given,  a  straight  line 
can  be  drawn  that  will  touch  the  ellipsis  in  a 
given  point. 
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PROP.  XVII.  Theor. 

If  from  a  point  E  of  an  ellipsis  a  straight 
line  be  drawn  touching  that  ellipsis, 

and  meeting  the  diameter  AB  in  L  ; 
and  if  from  the  point  of  contact  a 
straight  line  ED  be  ordinately  applied 
to  that  diameter  ;  the  semidiameter  CB 
is  a  mean  proportional  between  CL  and 
CD,  the  segments  of  the  diameter,  in¬ 
tercepted,  the  one  between  the  centre 
and  the  tangent,  and  the  other  between 
the  centre  and  the  ordinate ;  and  the 
segments  of  the  same  diameter  inter- 
cepted  between  its  vertices  and  the  tan¬ 
gent,  have  the  same  ratio  to  each  other 
as  the  segments  between  its  vertices 
and  the  ordinate. 

Having  described  a  circle  upon  the  diame¬ 
ter  AB,  and  drawn  from  the  point  D  a  straight 
line  DH  at  right  angles  to  AB,  meeting  the 
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circle  in  H,  join  HL :  then,  because  LH  book  ii. 
touches  the  (16.  2.)  circle,  and  that  HD  is 
perpendicular  to  the  diameter,  CD,  CB,  CL 
are  proportionals  (8.  6.  Elcm.).  Which  is  the 
first  case. 

Secondly,  because  CL  is  to  CB  as  CB  to 
CD,  by  conversion  CL  is  to  BL,  as  CB  to 
BD  ;  double  the  antecedents,  and  twice  CL 
is  to  BL,  as  AB  to  BD  ;  and,  by  division, 

AL  is  to  BL,  as  AD  to  BD. 

Cor.  1.  Hence  the  rectangle  contained  by 
the  segments  of  the  diameter  intercepted  be¬ 
tween  the  ordinate  and  the  centre,  and  be¬ 
tween  the  ordinate  and  the  tangent,  is  equal 
to  that  contained  by  the  segments  between 
the  ordinate  and  the  vertices  of  the  diameter. 

For  as  CD,  CB,  CL  are  proportionals,  the 
square  of  CB  is  equal  to  the  rectangle  DCL; 
but  the  square  of  CB  is  equal  to  the  rectangle 
ADB,  together  with  the  square  of  CD  (5. 

2.  Elem.)  ;  and  the  rectangle  DCL  is  equal 
to  the  rectangle  CDL,  together  with  the  same 
square  of  CD  (3.  2.  Elem.)  :  take  away  the 
common  square  of  CD,  and  there  remains  the 
rectangle  ADB  equal  to  CDL. 

H 
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book  ii.  Cor.  2.  And  the  rectangle  contained  by 
the  segments  of  the  diameter  intercepted  be¬ 
tween  the  tangent  and  the  centre,  and  be¬ 
tween  the  tangent  and  the  ordinate,  is  equal 
to  that  contained  by  the  segments  between 
the  tangent  and  the  vertices  of  the  same  dia¬ 
meter  :  for  the  rectangle  ALB  and  square  of 
CB  are  together  equal  (6.  2.  Elem.)  to  the 
square  of  CL  ;  and  the  rectangles  LCD,  CLD 
are  together  equal  (2.  2.  Elem.)  to  the  same 
square  of  CL  :  therefore,  because  the  square 
of  CB  has  been  proved  equal  to  the  rectangle 
DCL,  there  remains  the  rectangle  ALB  equal 
to  the  rectangle  CLD. 

PROP.  XVIII.  Theor. 

Fig.  16-  From  a  point  E  of  an  ellipsis  let  a  straight 
line  ED  be  ordinately  applied  to  a  dia¬ 
meter  AB,  and  from  the  same  point  let 
a  straight  line  EL  be  drawn  meeting 
that  diameter  in  L  :  if  the  segment  (of 
the  diameter)  intercepted  between  the 
centre  C  and  the  point  L,  the  semidia¬ 
meter  CB,  and  the  segment  DC  between 
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the  centre  and  the  ordinate  be  propor-  book  ii. 
tionals,  the  straight  line  EL  will  touch  rW 
the  ellipsis  in  E  :  or  secondly,  if  the 
segments  between  the  point  L,  and  the 
vertices  of  the  diameter,  and  between 
the  ordinate  and  those  vertices,  be  pro¬ 
portionals  ;  or  if,  thirdly,  the  four  seg¬ 
ments  between  the  ordinate  and  each  of 
the  points  L,  A,  B,  C  be  proportionals  ; 
or,  last  of  all,  if  the  four  segments  be¬ 
tween  the  point  L,  and  each  of  these 
points  A,  C,  D,  B  be  proportionals  ; 
then  the  straight  line  EL  touches  the 
ellipsis. 

Case  1.  If  EL  does  not  touch  the  ellipsis, 
let  EP  touch  it :  therefore,  by  the  preceding 
proposition,  CP,  CB,  CD  are  proportionals  : 
but,  by  hypothesis,  CL,  CB,  CD  are  likewise 
proportionals  ;  CP  is  therefore  equal  to  CL  ; 
which  is  absurd :  consequently  EL  touches 
the  ellipsis. 

Case  2.  Because,  by  hypothesis,  AL  is  to 
BL  as  AT)  to  BD  ;  by  composition,  AL  and 
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book  it.  BL  together  are  to  BL,  as  AB  to  BD  :  take 
the  halves  of  the  antecedents,  and  CL  is  to 
BL,  as  CB  to  BD ;  and,  by  conversion,  CL 
is  to  CB,  as  (preced.  prop.)  CB  to  CD :  there¬ 
fore,  by  the  first  case,  EL  touches  the  ellipsis. 

Case  3.  Since  DL  is  to  DA,  as  DB  to  DC  ; 
by  composition,  LA  is  to  AD,  as  BC  or  CA 
to  CD ;  the  remainder  CL  (19.  5.  Elem.)  is, 
therefore,  to  the  remainder  AC  or  CB,  as 
CB  to  CD  ;  and  therefore,  by  the  first  case 
again,  EL  touches  the  ellipsis. 

Case  4.  Because,  by  hypothesis,  AL  is  to 
CL  as  DL  to  BL  ;  therefore,  by  division,  AC 
or  CB  is  to  CL,  as  DB  to  BL ;  therefore  CB 
is  to  CL,  as  the  remainder  CD  to  the  remain¬ 
der  CB ;  and,  inversely,  CL  is  to  CB  as  CB 
to  CD  :  therefore  EL  touches  the  ellipsis,  by 
the  same  first  case. 

PROP.  XIX.  Theou. 

If  from  two  vertices  of  two  conjugate  dia¬ 
meters  two  straight  lines  be  ordinatelv 
applied  to  another  diameter,  the  square 
of  the  segment  (of  that  other  diameter) 
intercepted  between  either  ordinate  and 
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the  centre,  is  equal  to  the  rectangle  con-  book  ii. 
tained  by  the  segments  between  the 
other  ordinate  and  the  vertices  of  that 
same  diameter. 

Let  CA,  CB  be  the  two  conjugate  diame-  rig.  n. 
ters,  of  which  the  points  A,  B  are  vertices ; 
from  A,  B  let  AF,  BG  be  ordinately  applied 
to  another  diameter  DE  ;  the  square  of  CG, 
intercepted  between  the  ordinate  BG  and  the 
centre,  is  equal  to  the  rectangle  EFD  con¬ 
tained  by  the  segments  intercepted  between 
the  other  ordinate  AF  and  the  vertices  of 
DE  :  and  likewise  the  square  of  CF  is  equal 
to  the  rectangle  EGI). 

Draw  AH,  BK  touching  the  ellipsis  in  A, 

B,  and  meeting  the  diameter  ED  in  H,  K  : 
then,  because  both  CB,  AH,  and  BG,  AF, 
are  parallel,  the  triangle  CBG  is  equiangular 
to  HAF  ;  and  because  BK  is  parallel  to  CA, 
the  triangle  CBK  is  also  equiangular  to  HAC ; 
therefore  CG  is  to  FH,  as  CB  to  AH,  that 
is,  as  CK  to  CH  :  but  CD  is  a  mean  propor¬ 
tional  both  between  CG,  CK,  and  between 
CF  (16.  2.)  CH  ;  therefore  CF  is  to  CG,  as 
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book  ii.  CK  to  CH  :  and  as  hath  been  shown,  CG  is 
Wy^/  to  FH,  as  CK  to  CH  ;  therefore  (ex  aequali) 
as  CF  to  CG,  so  is  CG  to  FH :  and  conse¬ 
quently,  the  square  of  CG  is  equal  to  the 
rectangle  CFH.  But  the  rectangle  EFD  is 
equal  to  the  same  (1.  cor.  17.  2.)  CFH  ;  hence 
the  square  of  CG  is  equal  to  the  rectangle 
EFD ;  take  these  equals  from  the  square  of 
CD,  and  there  will  remain  the  rectangle  EGD 
equal  to  the  square  of  CF  (4.  and  5.  2.  E- 
lem.). 


Cor.  1.  Hence  the  semidiameter  CD,  to 
which  the  ordinates  are  drawn,  is  to  its  semi¬ 
diameter  conjugate  CL,  as  the  distance  be¬ 
tween  either  ordinate  and  the  centre  is  to  the 
other  ordinate :  for  the  square  of  CD  is  to  the 
square  of  CL  as  the  rectangle  EFD  to  the 
square  of  AF,  that  is  (by  the  proposition),  as 
the  square  of  CG  to  the  square  of  AF  ;  there¬ 
fore  CD  is  to  CL,  as  CG  to  AF.  In  like 
manner,  it  may  be  shown  that  CD  is  to  CL, 
as  CL  to  BG. 

Cor.  2.  The  squares  of  the  segments  of  the 
diameter  to  which  the  ordinates  arc  drawn, 
between  the  ordinates  and  the  centre,  are  to- 
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gether  equal  to  the  square  of  the  semidiame*  book  ii. 
ter.  For  since  the  square  of  CG  is  equal  to  ' 

the  rectangle  EFD ;  therefore  the  square  of 
CF,  together  with  the  square  of  CG,  is  equal 
to  the  square  of  CF,  together  with  the  rec¬ 
tangle  EFD,  that  is,  to  the  (5.  2.  Elem.) 
square  of  CD. 

Cor.  3.  Hence  the  sum  of  the  squares  of 
any  two  conjugate  diameters  is  equal  to  the 
sum  of  the  squares  of  the  axis.  Let  CD,  CL 
be  the  semiaxes,  and  CA,  CB  conjugate 
semidiameters;  let  AF,  BG  be  perpendicu¬ 
lars  to  CD,  and  AM,  BN  perpendiculars  to 
CL :  then,  because  the  square  of  CD,  as  was 
proved  in  the  preceding  corollary,  is  equal  to 
the  square  of  CF,  together  with  the  square 
of  CG;  and  that,  by  the  same  corollary,  the 
square  of  CL  is  equal  to  the  square  of  CM, 
together  with  that  of  CN,  that  is,  to  the  square 
of  AF,  together  with  that  of  BG  ;  therefore 
the  squares  of  CD,  CL  are  together  equal  to 
the  squares  of  CF,  CG,  AF,  BG  :  but  the 
squares  of  AC,  BC  are  together  (47.  1.  E- 
lem.)  equal  to  the  same  squares  of  CF,  CG, 

AF,  BG  ;  and  therefore  the  sum  of  the 
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book  ii.  squares  of  AC,  BC  is  equal  to  the  sum  of  the 
squares  of  CD,  CL. 

PROP.  XX.  Theor. 

If  through  the  vertices  of  two  conjugate 
diameters  four  straight  lines  he  drawn 
touching  the  ellipsis  ;  the  parallelogram 
contained  by  these  straight  lines,  is  e- 
qual  to  that  contained  by  the  tangents 
drawn  through  the  vertices  of  any  other 
other  two  conjugate  diameters. 

n’  Let  the  straight  lines  OY,  OY,  YX,  XV 
touch  the  ellipsis  in  the  vertices  A,  B,  and  in 
their  opposite  vertices  of  two  conjugate  dia¬ 
meters  AC,  BC  ;  in  like  manner,  let  PT,  PR, 
RS,  ST  touch  the  ellipsis  in  the  vertices  of 
the  conjugate  diameters  DC,  LC  ;  the  figures 
OVXY,  PRST  are  (6.  cor.  10.  2.)  parallelo¬ 
grams,  and  equal  to  each  other. 

To  the  diameter  CD  draw  AF,  BG  paral¬ 
lel  to  CL;  and  to  the  diameter  CL  draw 
AM,  BN  parallel  to  CD;  and  let  AO,  BO 
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meet  the  same  CD  in  the  points  H,  K  ;  and  book  ii. 
havingjoined  BH,  complete  the  parallelogram 
HCNQ: 

Then,  because  AH  touches  the  ellipsis,  and 
that  AF  is  drawn  ordinately  applied  to  the 
diameter  CD ;  therefore  CH  is  to  CD,  as  CD 
to  CF  (17.  2.):  and,  by  the  first  corollary  of 
the  foregoing  proposition,  CD  is  to  CL,  as  CF 
to  I3G  :  therefore,  ex  cequo ,  CH  is  to  CL,  as 
CD  to  EG,  or  QIT ;  and  the  angles  DCL, 

CHQ  are  equal,  for  they  are  alternate  ;  there¬ 
fore  the  parallelogram  DL  is  equal  to  the 
parallelogram  (14.  6.  Elem.)  NH:  but  NH 
is  the  double  of  the  triangle  CBH,  upon  the 
same  base  CH,  and  between  the  same  paral¬ 
lels  ;  and  likewise  the  parallelogram  ACBO 
is  the  double  of  the  same  triangle  CBH,  up¬ 
on  the  same  base  CB,  and  between  the  same 
parallels  CB,  AH  :  therefore  ACBO  is  equal 
to  NH ;  and  the  parallelogram  DL,  as  hath 
been  shown,  is  equal  to  the  same  NH  ;  there¬ 
fore  the  parallelograms  DL,  AB  are  equal  : 
and  thus  the  parallelograms  PRST,  OVXY, 
which  are  the  quadruples  of  DL,  AB,  are 
likewise  equal. 
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PROP.  XXL  Theor. 

If  a  straight  line  touching  an  ellipsis,  meet 
two  conjugate  diameters;  the  rectangle 
contained  by  its  segments,  between  the 
point  of  contact  and  the  diameters,  is 
equal  to  the  square  of  the  semidiameters 
conjugate  to  that  which  passes  through 
the  point  of  contact. 

Let  the  straight  line  HZ  touch  the  ellipsis 
in  the  point  A,  and  let  it  meet  the  conjugate 
diameters  CD,  CL  in  H,  Z ;  let  the  semidi¬ 
ameter  CB  be  conjugate  to  CA ;  then  the 
rectangle  HAZ  is  equal  to  the  square  of  CB. 

For  draw  AF,  BG  parallel  to  the  diameter 
CL :  and  since  HF  is  to  FC,  as  HA  to  AZ, 
the  rectangles  (def.  1.  6.  Elem.)  HFC,  HAZ 
are  similar ;  and  HF  is  to  HA,  as  CG  is  to 
CB  ;  therefore,  since  the  rectangles  HFC, 
HAZ  are  similar,  of  which  HF,  HA  are  ho¬ 
mologous  sides,  and  that  the  squares  of  CG, 
CB  are  similar  figures;  the  rectangle  HFC 
(22.  6.  Elem.)  is  to  the  rectangle  HAZ  as  th  e 
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square  of  CG  to  the  square  of  CB :  but  the  book  ii. 
rectangle  HFC  is  equal  to  the  rectangle  (1. 
cor.  17.  2.)  EFD,  that  is,  to  the  (19.  2.)  square 
of  CG  ;  and  therefore  (14.  5.  Elem.)  the  rect¬ 
angle  HAZ  is  also  equal  to  the  square  of  CB. 

Cor.  Hence  it  follows,  if  a  straight  line  HAZ 
touch  an  ellipsis,  and  meet  two  diameters  CH, 

CZ  ;  if  the  rectangle  HAZ  be  equal  to  the 
square  of  CB  the  semiconjugate  to  CA,  which 
passes  through  the  point  of  contact;  then  CH, 

CZ  are  two  conjugate  diameters. 

PROP.  XXII.  Theor. 

If  from  a  point  of  an  ellipsis,  a  straight 
line  be  ordinately  applied  to  a  diame¬ 
ter  ;  the  rectangle  contained  by  the  seg¬ 
ments  of  the  diameter  is  to  the  square 
of  the  ordinate,  as  the  diameter  is  to  its 
l  at  us  rectum. 

Let  F  be  a  point  in  an  ellipsis;  from  F  rjg.  is. 
draw  FG,  ordinately  to  the  diameter  AB. 
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book  ii.  The  rectangle  AGB  is  to  the  square  of  FG 
as  the  diameter  AB  to  its  latus  rectum . 

For  let  BH  be  equal  to  the  latus  rectum ; 
and  since  the  diameter  AB,  its  conjugate 
DE,  and  latus  rectum  BII  (9.  def.  2.),  are 
proportionals,  AB  is  to  BH  (2.  cor.  20.  6. 
Elem.)  as  the  square  of  AB  to  the  square  of 
DE,  that  is,  as  the  rectangle  AGB  to  the 
square  of  FG  (15.  2.). 

PROP.  XXIII.  The  on. 

If  from  a  point  of  an  ellipsis,  a  straight 
line  be  ordinately  applied  to  a  diameter, 
and  from  the  vertex  of  the  diameter  a 
straight  line  be  drawn  at  right  angles 
to  it,  and  equal  to  its  latus  rectum ;  the 
square  of  the  ordinate  is  equal  to  the 
rectangle  applied  to  the  latus  rectum ; 
having  for  its  breadth  the  abscissa  be¬ 
tween  the  ordinate  and  the  vertex  of 
the  diameter,  but  deficient  by  a  figure 
similar,  and  similarly  situated,  to  the 
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figure  contained  bv  tlie  diameter  and  book  ii. 

O  %l 

the  latus  rectum . 

Let  F  be  a  point  in  the  ellipsis;  from  F  Fig.  is. 
draw  FG,  an  ordinate  to  the  diameter  AB ; 
and  from  the  vertex  of  AB  draw  a  perpendi¬ 
cular  BH,  ecpial  to  the  latus  rectum  of  AB ; 
then  the  square  of  FG  is  equal  to  the  rect¬ 
angle  applied  to  BH  ;  having  the  abscissa 
BG  for  its  breadth,  but  deficient  by  a  figure 
similar,  and  similarly  situated,  to  the  rectan¬ 
gle  BN,  contained  by  the  diameter  AB  and 
latus  rectum  BH. 

H  aving  joined  AH,  and  from  G  drawn  GK 
parallel  to  BH,  and  meeting  AH  in  K,  com¬ 
plete  the  parallelograms  KLFIM,  ABHN : 
then,  because  the  rectangle  AGB  is  to  the 
square  of  FG,  as  (22.  2.)  AB  to  BH,  that  is, 
as  AG  to  GK,  that  is,  as  the  (1.  6.  Elem.) 
rectangle  AGB  to  the  rectangle  KGB ;  there¬ 
fore  (ex  aequali)  the  rectangle  AGB  is  to  the 
square  of  FG,  as  the  same  AGB  to  the  rect¬ 
angle  KGB:  and  thus  the  square  of  FG  is 
equal  to  the  rectangle  KGB,  applied  to  the 
latus  rectum  BH  ;  which  rectangle  has  for  its 
breadth  the  abscissa  GB,  but  is  less  than  the 


126 


CONIC  SECTIONS. 


book  ii.  rectangle  BM,  by  the  figure  KLHM,  similar, 
'  and  similarly  situated,  to  BN  (24.  6.  Elem.). 

From  the  square  of  the  ordinate  being  thus 
equal  to  the  deficient  rectangle;  or  that  under 
the  abscissa  and  only  apart  of  the  latas  rectum , 
Apollonius  called  this  curve  line  the  Ellipsis. 

Cor.  If  from  the  vertex  B  of  the  diameter 
AB  any  straight  line  BO  be  drawn  equal  to 
the  latus  rectum ,  though  not  at  right  angles 
to  AB ;  join  AO,  and  through  G  draw  GP 
parallel  to  BO ;  the  rectangle  PGB  is  equal 
to  the  square  of  FG.  For  AB  is  to  BH,  as 
BG  to  GK,  that  is,  as  BO  to  GP:  but  BO 
is  equal  to  BH,  therefore  GP  is  also  equal  to 
GK. 


PROP.  XXIV.  Prob. 

Two  unequal  straight  lines  which  bisect 
each  other  at  right  angles,  being  given 
in  position  and  magnitude,  to  describe 
an  ellipsis  of  which  these  straight  lines 
may  be  the  axes. 
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Let  two  unequal  straight  lines  AB,  DE,  book  ii. 
which  bisect  each  other  at  right  angles  in  the 
point  C,  be  given  in  position  and  magnitude ; 
it  is  required  to  describe  an  ellipsis  which  may 
have  AB  and  DE  for  the  axes. 

From  the  extremity  D  of  DE,  the  less  of 
the  two,  place  DF  equal  to  CB,  the  half  of 
AB  the  greater;  and  from  the  centre  D,  with 
the  distance  DF,  describe  a  circle  which  will 
meet  AB  in  two  points  G,  H;  in  which  fix 
the  ends  of  a  string  of  the  same  length  with 
the  straight  line  AB,  and  describe  an  ellipsis, 
as  was  directed  in  the  first  definition  of  this 
book ;  the  straight  lines  AB,  DE  will  be  the 
axes  of  this  ellipsis. 

For  since  the  points  G,  H  are  the  foci  of 
the  ellipsis,  and  that  GC  is  (3.  3.  Elem.)  equal 
to  CII,  the  point  C  is  its  centre  (3.  def.  2.) ; 
and  since  CA  or  CB  is  equal  to  the  length 
of  the  half  of  the  string,  the  ellipsis  passes 
through  the  points  A,  B  :  it  passes  likewise 
through  D  (4.  cor.  1.  2.),  because  GD  is  equal 
to  CA  ;  and  through  E,  because  CD  is  equal 
to  CE. 
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PROP.  X'XV.  Prob. 

A  straight  line  being  given  in  position 
and  magnitude,  and  a  point  without  it 
being  given  ;  to  describe  an  ellipsis,  of 
which  that  straight  line  shall  be  one  of 
the  axes,  and  which  shall  pass  through 
that  given  point ;  but  the  given  point 
must  be  so  situated,  that  a  perpendicu¬ 
lar  drawn  from  it  may  fall  between  the 
extremities  of  the  given  straight  line. 

Fi&  19>  Let  AB  be  the  straight  line  given  in  posi¬ 
tion  and  magnitude,  and  K  the  given  point, 
so  situated,  that  a  perpendicular  drawn  from 
it  towards  AB  may  fall  between  the  extremi¬ 
ties  A,  B;  it  is  required  to  describe  an  ellipsis 
which  may  have  AB  for  one  of  the  axes,  and 
which  may  pass  through  K. 

Draw  KL  at  right  angles  to  AB,  and  find 
a  straight  line  DE  such  *,  that  the  square  of 


*  Find  a  mean  proportional  X  between  AL  and  LB  (13.  6. 
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AB  may  be  to  the  square  £>f  DE,  as  the  rec-  book  ii. 
tangle  ALB  to  the  square  of  KL ;  and  place 
DE  perpendicular  to  AB,  so  that  they  mu¬ 
tually  bisect  each  other :  and  by  the  last  prop, 
with  the  same  AB,  DE,  as  the  axes,  describe 
an  ellipsis;  this  ellipsis  will  pass  through  (2. 
cor.  15.  2.)  the  point  K. 

PROP.  XXVI.  Prob. 

To  find  a  diameter,  the  centre,  the  axes, 
and  the  foci  of  an  ellipsis  given  in  po¬ 
sition. 

Draw  two  straight  lines  parallel  to  each 
other,  and  terminated  both  ways  by  the  ellip¬ 
sis  ;  the  straight  line  which  bisects  them  is 
(4.  cor.  13.  2.)  a  diameter;  and  the  point 
bisecting  that  diameter  is  (3.  2.)  the  centre. 


Elem.) ;  then  to  the  three  straight  lines,  X,  KL,  and  AB,  find 
a  fourth  proportional  (12.  6.  Elem.)  which  will  be  the  straight 
line  DE  wanted.  For  the  square  of  X,  that  is,  the  rectangle 
ALB  (17.  6.  Elem.),  is  to  the  square  of  KL,  (22.  6.  Elem.)  as  the 
quare  of  AB  to  the  square  of  DE.  Therefore  (G.  2.)  DE  is  the 
other  axis. 
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book  ii.  In  order  to  find  the  axes,  find  the  centre 
Tv/IT'  C,  and  in  the  ellipsis  take  any  point  A,  and 
join  CA  ;  and  from  the  centre  C,  and  with 
the  distance  AC,  describe  a  circle  AF :  it 
this  circle  falls  wholly  without  the  ellipsis, 
C  A  is  the  greatest  of  the  semidiameters ;  and 
therefore  (9.  2.)  the  half  of  the  greater  axis. 
Next,  take  any  point  D,  and  let  a  circle  be 
described  from  the  centre  C,  with  the  dis¬ 
tance  CD  ;  if  this  circle  falls  wholly  within 
the  ellipsis,  CD  is  the  least  of  the  semidiame- 
meters ;  and  therefore  (9.  2.)  the  half  of  the 
less  axis.  Or  let  any  other  point  G  be  taken  ; 
if  the  circle  described  from  the  centre  C,  with 
the  distance  CG,  falls  neither  wholly  without 
nor  wholly  within  the  ellipsis,  the  straight 
line  CG  is  the  half  neither  of  the  greater  nor 
of  the  less  axis  ;  the  circle,  consequently, 
must  meet  the  ellipsis  again  :  let  it  meet  it  in 
II ;  and  having  joined  GH,  bisect  it  in  K  ; 
then  Civ  will  be  one  of  the  axes,  and  a  straight 
line  drawn  through  the  centre  perpendicular 
to  CK  will  be  the  other.  For  since  GH  is 
bisected  by  the  diameter  CK,  it  is  parallel  to 
the  tangent  AL  drawn  through  the  vertex  ot 
CK  ;  and  CKG  is  a  right  angle :  therefore 
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CAL  is  also  a  right  angle  ;  and  therefore  book  ii. 
CKA  is  (4.  cor.  10.  2.)  one  of  the  axes.  The 
foci  are  found  as  in  prop.  24. 

PROP.  XXVII.  Prob. 

Two  conjugate  diameters  of  an  ellipsis 
being  given  in  position  and  magnitude, 
to  find  the  axes,  and  describe  the  ellip¬ 
sis. 

Let  AB,  CD,  be  the  given  diameters ;  let  rig-  21. 
them  meet  each  other  in  the  centre  E.  Sup¬ 
pose  the  problem  solved,  that  is,  let  FG,  HK 
be  the  axes  to  be  found,  and  through  A'draw 
the  straight  line  AL  parallel  to  CD ;  AL 
will  touch  (3.  cor.  14.  2.)  the  ellipsis  in  A, 
and  will  be  given  (28.  dat.)  in  position  :  let 
the  same  AL  meet  the  axes  in  the  points  L, 

M  ;  therefore  the  rectangle  LAM  is  equal  to 
the  square  of  CE,  the  semiconjugate  to  (21. 

2.)  AB  :  but  CE  is  given,  and,  consequently, 
its  square  is  given;  therefore  the  rectangle 
LAM  is  given  :  let  the  rectangle  EAN  be 
equal  to  LAM  ;  and  because  EA  is  given  in 

1  2 
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book  ii.  position  and  magnitude,  AN  is  also  given  in 
position  and  magnitude;  and  because  the 
rectangles  LAM,EAN  are  equal,  the  points 
L,  E,  M,  N  are  (conv.  35.  3.  Elem.)  in  the 
circumference  of  a  circle  :  therefore,  if  EN 
is  bisected  in  O,  the  centre  of  the  circle  will 
be  in  the  straight  line  OP,  which  is  at  right 
angles  to  EN  (cor.  1.  3.  Elem.):  but  LEM 
being  a  right  angle,  the  centre  of  the  circle  is 
likewise  in  (cor.  5.  4.  Elem.)  the  straight  line 
LM  :  it  is  therefore  in  the  point  P,  where 
OP,  LM  intersect  each  other :  therefore  the 
centre  P  is  given,  and  the  point  E  is  given  : 
hence  the  circle  described  from  the  centre  P, 
with  the  distance  PE,  is  given  in  (6.  def.  dat.) 
position  ;  so  likewise  are  the  points  L,  M, 
where  its  circumference  meets  the  straight 
line  AM  given  in  position  :  therefore  the  axes 
EL,  EM  are  given  in  position  :  draw  AQ  at 
right  angles  to  the  axis  FG  ;  and  because  AL 
touches  the  ellipsis,  EQ,  EE,  EL  are  (17.  2.) 
proportionals  ;  and  EQ,  EL  are  given  :  there¬ 
fore  EF  is  given  in  magnitude.  It  may  in 
like  manner  be  proved,  that  EIv  is  given  in 
magnitude  ;  therefore  the  axes  EG,  HK  are 
given  in  position  and  magnitude  :  and  an  cl- 
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lipsis  described  through  the  point  A,  with  the  book  ii. 
axis  FG  (25.  2.),  will  have  AB,  CD  two  Gf 
of  its  conjugate  diameters. 

The  composition  is  as  follows.  Produce 
EA  to  N,  so  that  the  rectangle  E AN  may  be 
equal  to  the  square  of  CE :  bisect  EN  in  O, 
and  draw  OP  at  right  angles  to  it,  meeting 
the  straight  line  AL,  which  is  parallel  to  CE 
in  the  point  P ;  and  from  the  centre  P,  dis¬ 
tance  PE,  describe  a  circle,  and  let  AP  meet 
its  circumference  in  the  points  L,  M  :  join 
EL,  EM,  and  draw  AQ  at  right  angles  to 
EL;  and  between  EQ,  EL  find  (13.  6.  E- 
lem.)  a  mean  proportional  EF,  and  make  EG 
equal  to  EF,  then,  by  the  25th  proposition  of 
this  book,  describe  an  ellipsis,  of  which  FG 
may  be  one  of  the  axes,  and  which  may  pass 
through  the  point  A  :  of  this  ellipsis  AB,  CD 
are  conjugate  diameters.  For  since  AQ  is 
perpendicular  to  the  axis  FG,  and  EQ,  EF, 

EL  proportionals,  AL  touches  the  ellipsis 
(T8.  2.)  in  the  point  A;  and  because  CD  is 
parallel  to  the  tangent  AL,  it  is  in  the  same 
position  with  the  conjugate  diameter  to  AB; 
and  the  angle  LEM  being  in  a  semicircle  is 
a  right  angle  ;  consequently  EM  is  the  other 
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book  II.  axis:  hence  the  rectangle  LAM  is  equal  to 
w“Y~w/  the  square  of  the  semidiameter  conjugate  to 
AE  (21.  2.) :  but  the  same  rectangle  LAM 
is  equal  (35.  3.  Elem.)  to  the  rectangle  EAN, 
that  is,  by  the  construction,  to  the  square  of 
CE;  therefore  CE  is  the  semiconjugate  to 
AE  ;  the  ellipsis  therefore  passes  through  C; 
and  because  ED  is  equal  to  EC,  and  EB 
equal  to  EA,  it  passes  likewise  through  the 
points  D,  B.  Hence  AB,  CD  are  conjugate 
diameters  in  the  ellipsis  described. 

PROP.  XXVIII.  Pros. 

The  position  and  magnitude  of  a  diameter 
of  an  ellipsis  being  given,  and  the  posi¬ 
tion  of  a  straight  line,  passing  through 
a  given  point  in  the  ellipsis,  and  ordi- 
nately  applied  to  that  diameter  being 
also  given  ;  to  describe  the  ellipsis. 

Tig.  si.  Let  AB  be  the  given  diameter,  to  which 
RS,  a  straight  line  given  in  position,  is  ordi- 
nately  applied,  from  a  given  point  R  of  the 
ellipsis  to  be  described. 


THE  ELLIPSIS. 


1  35 


Bisect  AB  in  the  point  E,  and  draw  book  ii. 
through  E  a  straight  line  parallel  to  RS,  and  WrW 
in  that  parallel  take  equal  straight  lines  EC, 

ED,  so  that  the  rectangle  ASB  may  be  to  the 
square  of  RS,  as  the  square  of  AE  to  the 
square  of  EC  or  ED.  If  a  mean  proportional 
be  found  (13.  6.  Elem.)  between  AS  and  SB 
then  (22.  6.  Elem.)  the  mean  proportional  is 
to  RS,  as  AE  to  EC,  which  is  therefore  found 
(12.  6.  Elem.),  then,  by  the  preceding  propo¬ 
sition,  describe  an  ellipsis  of  which  AB,  CD 
may  be  conjugate  diameters  :  this  ellipsis  will 
pass  through  the  (2.  cor.  15.  2.)  point  R,  and 
RS  will  be  ordinately  applied  (4.  cor.  14.  2.) 
to  the  diameter  AB. 

PROP.  XXIX.  Theor. 

if  a  cone  cut  by  a  plane  passing  through 
the  axis  be  cut  also  by  another  plane, 
meeting  both  the  sides,  of  the  triangle 
through  the  axis,  but  neither  parallel 
to  the  base  of  the  cone,  nor  subcontra- 
rily  situated  ;  if  that  other  plane,  and 
the  plane  in  which  the  base  of  the  cone 

i  4 


CONIC  SECTIONS. 

is  situated,  meet  in  the  direction  of  a 
straight  line  perpendicular  either  to  the 
base  of  the  triangle  through  the  axis,  or 
to  that  base  produced  ;  the  line  which  is 
the  common  section  of  this  other  plane, 
and  the  conical  surface,  is  an  ellipsis, 
which  has  for  one  of  its  diameters  the 
common  section  of  the  triangle  through 
the  axis,  with  this  same  plane. 

Let  there  be  a  cone,  the  vertex  of  which  is 
the  point  A,  and  the  base  the  circle  BC  ;  let 
it  be  cut  by  a  plane  through  the  axis,  and  let 
the  section  be  the  triangle  ABC  ;  let  it  be 
cut  likewise  by  another  plane,  meeting  both 
the  sides  AB,  AC,  of  the  triangle  through  the 
axis,  but  neither  parallel  to  the  base  of  the 
cone,  nor  subcontrarily  situated  ;  let  the  line 
DEF  be  the  common  section  of  this  other 
plane  with  the  conical  surface  ;  and  let  GH, 
the  common  section  of  this  plane,  with  the 
base  of  the  cone,  (continued,)  be  perpendi¬ 
cular  to  BC  :  then,  the  line  DEF  is  an  ellip¬ 
sis :  and  DF,  the  common  section  of  the  tri¬ 
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angle  through  the  axis,  and  this  same  plane,  book  ii. 


is  one  of  its  diameters. 

In  the  section  DEF  take  any  point  E,  and 
through  E  to  DF  draw  EK  parallel  to  HG ; 
and  through  K  draw  LM  parallel  to  BC : 
therefore,  the  plane  which  passes  through 
EK,  LM  is  parallel  (15.  11.  Elem.)  to  the 
plane  through  BC,  GH,  that  is,  to  the  base 
of  the  cone  :  consequently  the  plane  through 
EK,  LM  (23.  1.)  is  a  circle,  of  which  LM  is 
a  diameter :  but  EK  is  perpendicular  (10. 
11.  Elem.)  to  LM,  because  GH  is  perpendi¬ 
cular  to  BG ;  therefore  the  rectangle  LKM 
is  equal  (35.  3.  Elem.)  to  the  square  of  EK. 
In  like  manner,  any  other  point  N  being 
taken  in  the  section  DEF ;  if  NO  be  drawn 
parallel  to  EK,  or  GH,  and  through  O,  PQ 
be  drawn  parallel  to  BC ;  it  may  be  shown, 
that  the  rectangle  POQ  is  equal  to  the  square 
of  NO:  consequently,  the  square  of  EK  is 
to  the  square  of  NO,  as  the  rectangle  LKM 
to  the  rectangle  POQ:  but  (by  simil.  trian.) 
LK  is  to  PO,  as  DK  is  to  DO ;  and  KM  is 
to  OQ,  as  KF  is  to  OF;  but  the  ratios  com¬ 
pounded  of  these  ratios  are  the  same  to  one 
another ;  and  therefore  the  rectangle  LKM 
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II.  is  to  the  rectangle  POQ,  as  the  rectangle 
DKFis  to  the  rectangle  DOF  (23.  6.  Elem.): 
and  therefore,  ex  asquali,  the  square  of  EK  is 
to  the  square  of  NO,  as  the  rectangle  DKF 
to  the  rectangle  DOF.  Describe,  therefore, 
an  ellipsis  (28.  2.)  of  which  DF  may  be  a 
diameter,  and  in  which  EK  may  be  ordinately 
applied  to  DF :  and  because  the  point  E,  by 
construction,  is  in  this  ellipsis,  the  point  N 
is  likewise  in  it  (3.  cor.  15.  2.).  And  the 
same  thing  may  be  demonstrated  with  regard 
to  all  the  points  of  the  section  DEF. 
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OF  THE  HYPERBOLA, 


DEFINITIONS. 

I.  If  in  a  point  taken  upon  a  plane,  the  ex-  bookiii, 
tremity  E  of  a  ruler  EH  is  so  fixed  that  the 

ruler  is  left  free  to  revolve  about  the  point  E 

/ 

as  a  centre  ;  and  if  one  end  of  a  string  shorter 
than  the  ruler  is  fixed  in  the  extremity  H, 
and  the  other  end  of  it  in  the  point  F,  which 
is  in  the  same  plane  with  the  point  E  ;  but 
the  distance  between  the  points  E,  F  greater 
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book  iii.  than  the  excess  of  the  length  of  the  ruler  above 
that  of  the  string ;  and  if  by  means  of  a  pin 
G,  the  string  is  applied  to  the  side  EH  of  the 
ruler  :  then  with  the  string  so  applied,  and  kept 
uniformly  tense,  if  the  ruler  be  moved  about 
the  centre,  the  point  of  the  pin  will  describe 
upon  the  plane  a  line,  called  the  hyperbola . 

But  if  the  above  order  be  reversed,  and  the 
end  E  of  the  ruler  be  fixed  in  the  point  F, 
and  the  end  F  of  the  string  in  the  point  E, 
and  then  a  similar  operation  be  repeated,  a- 
nother  line,  opposite  to  the  former,  will  be 
described,  which  is  also  called  the  hyperbola  ; 
and  both  together  are  called  opposite  hyper¬ 
bolas*  These  lines  may  be  extended  beyond 
any  given  distance  from  the  points  E,  F,  if  a 
string  be  taken,  the  length  of  which  exceeds 
that  distance. 

II.  The  points  E,  F  are  called  the  foci. 

III.  And  the  point  C,  which  bisects  the 
straight  line  between  the  foci,  is  called  the 
centre  of  the  hyperbola ,  or  of  the  opposite  hy¬ 
perbolas . 

IV.  Any  straight  line  passing  through  the 
centre  and  meeting  the  hyperbolas,  is  called 
a  transverse  diameter ;  and  the  points  where 


THE  HYPERBOLA. 


141 


a  transverse  diameter  meets  the  hyperbolas,  book  iil 
are  called  its  vertices.  Also  any  straight  line 
which  passes  through  the  centre,  and  bisects 
a  straight  line  terminated  by  the  opposite 
hyperbolas,  but  not  passing  through  the  cen¬ 
tre,  is  called  a  right  diameter . 

V.  That  diameter  which  passes  through 
the  foci,  is  called  the  transverse  axis, 

VI.  If  from  either  extremity  A  of  the 
transverse  axis,  a  straight  line  AD  be  placed 
equal  to  the  distance  between  the  centre  C 
and  either  focus  F,  and  from  A  as  a  centre, 
with  the  distance  AD,  a  circle  be  described, 
meeting  a  straight  line  drawn  through  the 
centre  C,  at  right  angles  to  the  transverse 
axis,  in  the  points  B,  b;  the  straight  line  B& 
is  called  the  second  axis.  * 

VII.  Two  diameters,  each  of  which  bisects 
all  straight  lines  parallel  to  the  other,  and 
terminated  both  ways  by  the  hyperbola,  or 
opposite  hyperbolas,  are  named  conjugate  dia¬ 
meters. 

VIII.  When  a  straightline  not  drawn  through 
the  centre,  yet  terminated  both  ways  by  the 


•  Hence  the  second  axis  is  bisected  in  the  centre  C  (3.  3.  Eletn.). 
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book  iii.  hyperbola,  or  opposite  hyperbolas,  is  bisected 
by  a  diameter,  it  is  said  to  be  ordinately  ap¬ 
plied  to  that  diameter  :  or  it  is  called  simply, 
an  ordinate  to  the  diameter.  Also  a  diameter 
parallel  to  a  straight  line  ordinately  applied 
to  another  diameter,  it  is  said  to  be  ordinately 
applied  to  this  other  diameter. 

IX.  A  straight  line  which  meets  the  hy¬ 
perbola  in  only  one  point,  and  which,  being 
produced  both  ways,  falls  without  the  opposite 
hyperbolas,  is  said  to  touch  the  hyperbola  in 
that  point. 

/ 

PROP.  I.  Theor. 

Tf  from  a  point  in  a  hyperbola  two  straight 
lines  be  drawn  to  the  foci,  the  excess  of 
the  one  above  the  other  is  equal  to  the 
transverse  axis. 

Fis- Let  G  be  a  point  in  a  hyperbola,  the  excess 
of  GE  above  GF  is  equal  to  the  transverse 
axis  Aa. 

Let  EG II  represent  the  ruler,  and  FGH 
the  string,  the  pin  by  which  the  hyperbola  is 
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described  being  supposed  to  remain  at  G;bookiii, 
from  EH,  FGH  take  away  the  common  part 
GH  ;  and  the  excess  of  GE  above  GF  will 
be  equal  to  the  excess  of  the  length  of  the 
ruler  above  that  of  the  string  ;  and  this  con¬ 
clusion  will  hold  wherever  the  point  G  shall 
be  situated  in  the  hyperbola.  And  since  the 
points  A,  a ,  the  vertices  of  the  transverse 
axis,  are  in  the  opposite  hyperbolas,  the  ex¬ 
cess  of  AE  above  AF ;  and  also  the  excess 
of  aF  above  #E,  are  each  of  them  equal  to 
the  excess  of  the  length  of  the  ruler  above 
that  of  the  string,  that  is,  to  the  excess  of 
EG  above  FG ;  and  therefore  these  two  ex¬ 
cesses  are  equal  to  each  other  :  but  let  AF" 
be  added  to  each  of  the  two  straight  lines  AE, 

AF ;  and  the  excess  of  AE  above  AF  will 
be  equal  to  the  excess  of  FE  above  twice 
AF.  In  like  manner,  the  excess  of  a F  above 
aE  will  be  equal  to  the  excess  of  the  same 
FE  above  twice  aF  ;  therefore,  FE  exceeds 
twice  AF  by  the  same  excess  by  which  it  ex¬ 
ceeds  twice  aF  :  twice  AF"  is,  therefore,  e- 
qual  to  twice  aF ;  and  therefore  AF  is  equal 
to  aF  :  consequently  the  excess  of  AEa  bove 
AF  is  equal  to  the  excess  of  A  FI  above  «E, 
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BOOKiir.  that  is,  to  the  transverse  axis  #A  ;  and  there- 
fore  the  excess  of  EG  above  GF  is  likewise 
equal  to  the  same  transverse  axis  aA. 

Cor.  And  since  AF  is  equal  to  #E  and  CF 
to  CE,  therefore  C  A  is  equal  to  C a ;  or,  the 
transverse  axis  is  bisected  in  the  centre. 

PROP.  II.  Theor. 

If  from  a  point  two  straight  lines  are 
drawn  to  the  foci  of  opposite  hyperbo¬ 
las;  if  the  excess  of  the  one  straight 
line  above  the  other  be  equal  to  the 
transverse  axis,  that  point  is  in  one  of 
the  opposite  hyperbolas. 

Let  G  be  the  point  from  whence  GE,  GF 
are  drawn  to  the  foci  of  opposite  hyperbolas  ; 
if  the  excess  of  the  one  straight  line  above 
the  other  be  equal  to  the  transverse  axis  aA , 
the  point  G  is  in  one  of  the  opposite  hyper¬ 
bolas. 

Fig.  2.  Of  the  two  straight  lines  let  GF  be  the 
less ;  and  from  the  centre  F,  distance  FG. 
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describe  a  circle  meeting  FE  in  H  ;  take  GK  bookiii. 
equal  to  GF,  and  KE,  by  hypothesis,  will  be 
equal  to  the  transverse  axis  A  a  ;  and  because 

FG,  GE  are  together  greater  than  FE  ; 
therefore  FG,  GK  are  together  greater  than 
FA  and  together ;  consequently  (FG,  or) 

FH,  the  half  of  FG,  GK,  is  greater  than  FA, 
the  half  of  FA,  r/E  ;  and  therefore  the  hyper¬ 
bola,  towards  the  point  A,  falls  within  the 
circle:  and  since  (def.  1.  3.)  it  may  be  ex¬ 
tended  beyond  any  given  distance  from  the 
focus  F,  it  necessarily  meets  the  circle.  Now 
the  hyperbola  meets  the  circle  in  the  point 
G  *,  for  if  not,  let  it  cut  it  in  another  point 
D,  on  the  same  side  of  the  axis  with  the  point 
G ;  and  join  DE,  DF :  then  because  the 
point  D  is  in  the  hyperbola,  (by  the  first 
Prop.  3.)  the  excess  of  DE  above  DF  is  equal 
to  the  transverse  axis  A  a  :  but  by  hypothesis 
the  excess  of  GE  above  GF  is  equal  to  the 
same  A  a ;  and  FG  is  equal  to  FD :  therefore 
EG  is  also  equal  to  ED  ;  which  is  contrary 
to  prop.  7.  b.  1.  of  Euclid.  Therefore  the 
point  G  is  in  the  hyperbola. 

K 
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BOOK  III. 

'  *  *  PROP.  III.  Theok. 

If  two  straight  lines  be  drawn  from  a  point 
without  a  hyperbola  to  the  foci,  the  ex¬ 
cess  of  the  one  above  the  other  is  less 
than  the  transverse  axis  ;  but  if  two 
straight  lines  be  drawn  from  a  point 
within  a  hyperbola  to  the  foci,  the 
excess  of  the  one  above  the  other  is 
greater  than  the  transverse  axis.  On 
the  contrary,  any  point  is  without,  or 
within  a  hyperbola  according  as  the  ex¬ 
cess  of  two  straight  lines  drawn  from 
that  point  to  the  foci,  is  less,  or  greater 
than  the  transverse  axis. 

Fig- 2*  From  the  point  L  without  a  hyperbola, 
let  the  two  straight  lines  LE,  LF  be  drawn 
to  the  foci ;  the  excess  of  the  one  above  the 
other  is  less  than  the  transverse  axis  Aa.  For 
since  L  is  without  and  F  within  the  hyper¬ 
bola,  the  straight  line  LF  necessarily  meets 
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the  hyperbola  ;  let  LF  meet  it  in  G,  and  join  bookiii. 
EG  ;  then  EL  is  less  than  EG  and  GL  ;  ' 

therefore  the  excess  of  EL  above  LF  is  less 
than  the  excess  of  EG  and  GL  together 
above  the  same  LF,  that  is,  than  the  excess 
of  EG  above  GF,  that  is,  less  than  the  trans¬ 
verse  axis  A  a. 

Next,  from  the  point  M  within  the  hyper¬ 
bola,  draw  ME,  MF  to  the  foci;  then  ME 
will  necessarily  meet  the  hyperbola  AG,  be¬ 
cause  the  point  M  is  within  and  the  point  E 
without  it ;  let  it  meet  the  hyperbola  in  N, 
and  join  NF.  Then,  because  MF  is  less  than 
MN  together  with  NF,  the  excess  of  ME 
above  MF  is  greater  than  the  excess  of  the 
same  ME  above  MN  together  with  NF,  that 
is,  than  the  excess  of  NE  above  NF,  that  is, 
greater  than  the  transverse  axis  A  a. 

The  last  part  of  the  proposition,  or  the  con¬ 
verse  of  these  now  demonstrated,  is  evident. 

Cor.  Hence,  if  through  the  vertex  A  of 
the  transverse  axis,  a  straight  line  be  drawn 
at  right  angles  to  that  axis,  this  straight  line 
is  wholly  without  the  hyperbola,  and  conse¬ 
quently  touches  it. 

k  2 
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BOOKiir.  For  in  the  straight  line  so  drawn  take  any 
point  Q,  and  join  QF,  QE  ;  and  in  the  axis 
place  AR  equal  to  AF,  and  join  QR  ;  then, 
because  AR  is  equal  to  AF,  that  is,  to  «E, 
therefore  RE  is  equal  to  the  transverse  axis 
A  a ;  also  QF  is  equal  to  QR  :  but  QE  is  less 
than  QR  together  with  RE  ;  and  therefore 
the  excess  of  QE  above  QR  or  QF,  is  less 
than  RE,  that  is,  less  than  the  transverse  axis : 
hence  the  point  Q,  and  consequently  the 
straight  line  AQ,  is  without  the  hyperbola. 

PROP.  IV.  The  on. 

The  square  of  half  the  second  axis,  is  e- 
qual  to  the  rectangle  contained  by  the 
straight  lines  between  either  focus  and 
the  vertices  of  the  transverse  axis. 

i*  Let  A  a  be  the  transverse  axis,  C  the  cen¬ 
tre,  E,  F  the  foci,  and  B b  the  second  axis, 
which,  from  the  definition  of  it,  is  bisected  in 
the  centre  ;  join  AB  ;  and  because  AB,  CF 
are  (6.  def.  3.)  equal,  the  squares  of  AC,  CB 
are  together  equal  to  the  square  of  CF,  that 
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is,  to  (6.  2.  Elem.)  the  square  of  AC  together  bookiii. 
with  the  rectangle  AF«  :  take  away  the  com- 
mon  square  of  AC,  and  there  will  remain  the 
square  ofCB  equal  to  the  rectangle  AF«. 

PROP.  V.  Theor. 

If  from  a  point  in  a  hyperbola  a  straight 
line  be  drawn  at  right  angles  to  the 
transverse  axis,  and  from  that  point  a 
straight  line  be  drawn  to  the  nearer  of 
the  foci  ;  half  the  transverse  axis  is  to 
the  distance  between  that  focus  and  the 
centre,  as  the  distance  between  the  per¬ 
pendicular  and  the  centre,  is  to  the 
sum  of  half  the  transverse  axis  and  the 
straight  line  drawn  from  the  point  to 
that  same  focus. 

Let  G  be  a  point  in  the  hyperbola  ;  from  Fig. 3.4. 

G  draw  GD  perpendicular  to  the  transverse 
Axis  A  a ;  and  from  the  same  point  draw  a 
straight  line  GF  to  the  nearest  focus  F;  then 
half  the  transverse  axis  CA,  is  to  the  distance 
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book  nr.  between  the  centre  and  the  focus  CF,  as  the 
distance  between  the  centre  and  the  perpen¬ 
dicular  CD,  is  to  the  sum  of  half  the  trans¬ 
verse  axis  and  the  straight  line  drawn  to  the 
focus,  that  is,  to  CA  together  with  GF. 

Draw  GE  to  the  other  focus,  and  in  the 
axis  a  A  produced  place  AH  equal  to  GF, 
and  from  the  centre  G,  and  distance  GF,  de¬ 
scribe  a  circle,  meeting  the  axis  ciA  again  in 
K,  and  the  straight  line  EG  in  the  points  L, 
M :  and  because  EF  is  the  double  of  CF, 
and  FK  the  double  of  FD,  therefore  EIv  is 
the  double  of  CD.  Again,  because  EL  or 
A  a  is  the  double  of  CA,  and  LM  the  double 
of  GF  or  AH,  therefore  EM  is  the  double  of 
CH  :  but,  on  account  of  the  circle,  EL  or 
A  a  is  to  EF,  as  EK  to  EM  (cor.  36.  3.  and 
16.  6.  Elem.);  take  the  halves  of  these  pro¬ 
portionals,  and  CA  will  be  to  CF,  as  CD  to 
CH. 


PROP.  VI.  Theor. 

Fig.  3.4.  TFe  same  construction  remaining*,  if  from 
A,  the  vertex  of  the  transverse  axis 
nearest  to  G,  and  in  this  same  axis 
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produced,  a  part  AH  be  taken  equal  to  bookiil 


the  distance  between 


the  focus  F  ;  the  square  of  the  perpen¬ 
dicular  GD  is  equal  to  the  excess  of  the 
rectangle  EFIF,  contained  by  the  seg¬ 
ments  between  the  point  H  and  the 
foci,  above  the  rectangle  AI)a,  con¬ 
tained  by  the  segments  between  the 
perpendicular  and  the  vertices  of  the 
transverse  axis. 

For  since  the  straight  line  CH  is  cut  into 
two  parts  in  the  point  A,  the  squares  of  CA, 
CH  are  together  equal  to  twice  the  rectan¬ 
gle  ACH,  together  with  the  square  of  AH 
(7.  2.  Klein.)  that  is,  because  Cxi,  CF,  CD, 
CH  are  proportionals,  (preced.  prop.)  equal 
to  twice  the  rectangle  FCD,  together  with 
the  square  of  AH  or  GF,  that  is,  equal  to 
twice  the  rectangle  FCD,  together  with  the 
squares  of  FD,  1)G,  that  is,  equal  to  the  sum 
of  the  squares  of  FC,  CD  and  DG  (7.  2.  E- 
lem.)  :  therefore  the  two  squares  of'CA,  Cll 
are  equal  to  the  three  squares  of  CF,  CD, 
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book  iii.  DG  :  but  the  sum  of  the  two  first  is  equal 
(6.  2.  Elem.)  to  the  squares  of  C  A,  CF,  toge¬ 
ther  with  the  rectangle  EHF  ;  and  the  sum 
of  the  three  last  is  equal  (6.  2.  Elem.)  to  the 
squares  of  CA,  CF,  DG,  and  the  rectangle 
AD<?  :  from  these  equals  take  away  the  com¬ 
mon  squares  of  CA,  CF,  and  there  will  re¬ 
main  the  rectangle  EHF,  equal  to  the  square 
of  DG,  together  with  the  rectangle  ADa. 

PROP.  VII.  Theor. 

If  from  a  point  in  a  hyperbola  a  straight 
line  be  drawn  perpendicular  to  the  trans¬ 
verse  axis  ;  the  square  of  the  transverse 
axis  is  to  the  square  of  the  second  axis, 
as  the  rectangle  contained  by  the  seg¬ 
ments  between  the  perpendicular  and 
the  vertices  of  the  transverse  axis,  is  to 
the  square  of  the  perpendicular. 

Vig. s. i.  Let  G  be  a  point  in  the  hyperbola;  from 
G  draw  GD  perpendicular  to  the  transverse 
axis  A  a ;  then  the  square  of  Aa  is  to  the 
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square  of  B b9  as  the  rectangle  AD#,  con-  book  hi. 
tained  by  the  segments  between  the  vertices 
of  the  transverse  and  the  point  D,  is  to  the 
square  of  GD. 

Having  drawn  the  straight  lines  GE,  GF 
to  the  foci,  place  AH  from  the  nearest  vertex 
to  the  focus  F,  of  the  transverse  axis,  equal 
to  GF  the  lesser  of  them  :  then,  because  CH, 

CD,  CF,  C  A  are  proportionals  5  their  squares 
are  also  proportionals  ;  but  the  square  of  CH? 
is  equal  to  the  square  of  CF  together  with 
the  rectangle  EHF,  and  the  square  of  CD  is 
equal  to  the  square  of  CA  together  with  the 
rectangle  AD#  (6.  2.  Elem.) ;  therefore,  as 
the  whole  square  of  CH  is  to  the  whole  square 
of  CD,  so  is  the  square  of  CF  taken  from  the 
first,  to  the  square  of  CA  taken  from  the 
second  :  therefore  the  remaining  rectangle 
EHF  is  to  the  remaining  rectangle  ADa,  as 
the  square  of  CF  to  the  square  of  CA  (cor. 

19.  5.  Elem.);  and,  by  division,  the  excess  of 
the  rectangle  EHF  above  the  rectangle  AD#, 
is  to  AD#,  as  the  (6.  2.  Elem.)  rectangle  AF# 
to  the  square  of  CA  :  but  (by  the  preceding 
prop,  and  4.  3.)  the  square  of  GD  is  to  the 
rectangle  AD#,  as  the  square  of  CB  is  to  that 
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•  of  CA ;  and,  inversely,  the  square  of  CA  is 
to  the  square  of  CB,  as  the  rectangle  AI)a 
is  to  the  square  of  GD. 

Cor.  The  squares  of  straight  lines  drawn 
perpendicular  to  the  transverse  axis  from 
points  in  a  hyperbola,  or  in  opposite  hyper¬ 
bolas,  are  to  one  another,  as  the  rectangles 
contained  by  the  segments  intercepted  be¬ 
tween  those  straight  lines  and  the  vertices  of 
the  transverse  axis  ;  as  was  shown  in  the  el¬ 
lipsis  (1.  cor.  6.  2.). 

PROP.  VIII.  Tiieok. 

If  from  a  point  in  a  hyperbola  a  straight 
line  be  drawn  perpendicular  to  the  se¬ 
cond  axis  ;  the  square  of  the  second 
axis  is  to  the  square  of  the  tranverse, 
as  the  sum  of  the  squares  of  half  the 
second  axis,  and  of  its  segment  between 
the  perpendicular  and  the  centre,  is  to 
the  square  of  the  perpendicular. 
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From  a  point  G  of  a  hyperbola,  drawGN  bookiii. 
perpendicular  to  the  second  axis  B b ;  the  ^ "y 
square  of  B b  is  to  the  square  of  Aa,  as  the 
sum  of  the  squares  CB,  CN,  to  the  square  of 
GN. 

Because,  by  the  preceding,  the  square  of 
CA  is  to  the  square  of  CB,  as  the  rectangle 
ADa  is  to  the  square  of  GD :  therefore,  in¬ 
versely,  and  by  proposition  12.  B.  5.  Elem. 
the  square  of  CB  is  to  the  square  of  CA,  as 
the  sum  of  the  squares  of  CB,  GD  is  to  the 
square  of  CA,  together  with  the  rectangle 
A  Da,  that  is,  as  the  sum  of  the  squares  of 
CB,  CN  is  to  the  square  of  CD  or  GN. 

Cor.  Hence,  if  from  two  points  of  a  hyper¬ 
bola,  or  of  opposite  hyperbolas,  perpendicu¬ 
lars  be  drawn  to  the  second  axis,  the  square 
of  the  one  perpendicular  is  to  the  square  of 
the  other,  as  the  sum  of  the  squares  of  half 
the  second  axis,  and  of  the  distance  between 
the  former  perpendicular  and  the  centre,  is  to 
the  sum  of  the  squares  of  half  the  second  axis, 
and  of  the  distance  between  the  latter  and 
the  centre. 
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BOOK  III. 

—  ^  PROP.  IX.  Theok. 

A  straight  line  terminated  both  ways  by  a 
hyperbola,  or  opposite  hyperbolas,  and 
parallel  to  either  axis,  is  bisected  by  the 
other  axis ;  or,  what  is  the  same  thing*, 
the  axes,  are  conjugate  diameters. 

Fig*  5.  First,  let  the  straight  line  DE  be  parallel 

to  the  second  axis  B b9  and  meet  the  trans¬ 
verse  in  F ;  and  thus  the  square  of  DF  is  to 
the  square  of  EF  as  the  rectangle  AY  a  is  to 
the  (cor.  7.  3.)  rectangle  AFtf :  therefore  DF, 
FE  are  equal. 

Next,  let  DG  be  parallel  to  the  transverse 
axis  A tf,  and  meet  the  second  axis  B£  in  Iv ; 

X 

and  thus  the  square  of  DK  is  to  the  square  of 
KG,  as  the  sum  of  the  squares  of  CB,  CK  is 
to  the  sum  of  the  same  squares  (cor.  pieced.) 
of  CB,  CK  :  therefore  DK,  GK  are  equal. 

PROP.  X.  Theor. 

A  straight  line  terminated  both  ways  by  a 
hyperbola,  or  opposite  hyperbolas,  and 
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bisected  by  either  axis  is  parallel  to  the  book  hi. 
other  axis.  wv— ^ 

First,  let  DE  be  bisected  by  the  transverse  Fig.  5. 
axis  in  F  ;  and  draw  DK,  EL  parallel  to  the 
same  axis,  and  meeting  the  second  axis  in  the 
points  K,  L ;  then,  because  DF,  FE  are  e- 
qual,  KC,  CL  are  also  equal:  but  the  square 
of  DK  is  to  the  square  of  EL,  as  the  squares 
of  CB,  CK  together,  to  the  squares  of  CB, 

CL  together ;  therefore  DK,  EL  are  equal, 
and  they  are  parallel :  consequently  DE,  KL 
are  also  parallel  (33.  1.  Elem.). 

Next,  let  DG  be  bisected  by  the  second 
axis  in  the  point  K,  and  draw  DF,  GM  pa¬ 
rallel  to  the  same  axis,  and  meeting  the  trans¬ 
verse  axis  in  F,  M ;  then,  because  DK,  GK 
are  equal,  FC,  CM  are  likewise  equal ;  and, 
of  consequence,  FA,  aM  are  equal :  now  the 
square  of  DF  is  to  the  square  of  GM,  as  the 
rectangle  A  Fa  to  the  rectangle  AMa ;  but 
the  rectangles  AFtf,  AMa  are  equal ;  and 
therefore  the  straight  lines  DF,  GM  are  e 
qual,  and  they  are  parallel ;  consequently 
DG,  FM  are  likewise  parallel  (33.  1.  Elem.) 

Cor.  It  is  manifest  from  the  demonstration. 
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book  hi.  that  the  straight  lines  DF,  GM,  which  are 
w^r*/  parallel  to  either  axis  B5,  and  cut  off,  between 
the  centre  and  the  points  where  they  meet 
the  other  axis,  equal  segments  FC,  MC,  are 
also  equal.  In  the  same  manner,  DK,  EL 
are  equal,  which  are  parallel  to  the  axis  Aa, 
and  cut  off  the  equal  segments  CK,  CL. 

And  the  contrary :  if  DF,  GM  are  equal 
to  each  other,  and  parallel  to  B b,  they  cut  off 
equal  segments  FC,  MC.  In  like  manner,  if 
DK,  EL  be  equal  to  each  other,  and  parallel 
to  A <7,  they  cut  off  equal  segments  CK,  CL. 

PROP.  XI.  Theor. 

Any  straight  line  perpendicular  to  the 
transverse  axis,  and  meeting  it  below 
the  vertex,  will  meet  the  hyperbola  in 
two  points. 

Fig.  c>.  7.  Let  be  perpendicular  to  the  transverse 
axis  Av7,  and  meet  it  in  C,  below  the  vertex 
A ;  then  DC  meets  the  hyperbola  in  two 
points.  Let  E,  F  be  the  foci  ;  and  from  C, 
place  CG  equal  to  CF,  the  distance  between 


THE  HYPERBOLA. 


C  and  the  nearest  focus ;  and  from  the  other 
focus  place  EK,  equal  to  the  transverse  axis 
A  a.  If  then,  the  point  C  be  below  the  focus 
E,  it  is  evident,  that  EIv  is  less  than  EG  : 
but  in  the  other  case  where  the  point  C  is 
above  F ;  since  A  a,  EK  are  equal,  AK  is 
equal  to  tfE,  that  is,  to  AF ;  and,  bv  hypo¬ 
thesis,  FC  is  less  than  FA ;  twice  FC  is, 
therefore,  less  than  twice  FA,  that  is,  FG  is 
less  than  FK ;  and  thus  EK  is  less  than  EG  : 
make  then  as  EK  to  EF,  so  is  EG  to  a  fourth 
proportional  EH  ;  and  since  EK  is  less  than 
each  of  the  two  EF,  EG,  and  of  consequence, 
much  less  than  EH  ;  therefore  EK,  EH  are 
(25.  5.  Elem.)  together  greater  than  EF,  EG 
together.  From  these  unequals  take  away 
twice  EK,  and  KH  will  be  greater  than  KF 
and  KG  together,  that  is,  than  twice  KC  ; 
for  CF  is  equal  to  CG  :  hence,  if  KH  is  bi¬ 
sected  in  L,  KL  will  be  greater  than  KC  ^ 
and  therefore  the  point  L  falls  below  the 
straight  line  CD  ;  and  a  circle  described  from 
the  centre  E,  with  the  distance  EL,  will  ne¬ 
cessarily  meet  CD  in  two  points  D,  cl.  De¬ 
scribe,  from  the  centre  D,  distance  DF,  ano¬ 
ther  circle,  which  (3.  3.  Elem.)  will  pass 
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book  iii.  through  the  point  G  ;  join  DE,  and  let  this 
circle  meet  it  in  the  points  M,  N ;  and  be¬ 
cause  EK  is  to  EF,  as  EG  to  EH,  the  rec¬ 
tangle  HEK  is  equal  to  the  rectangle  FEG, 
that  is,  to  the  rectangle  MEN  (cor.  36.  3. 
Elem.) ;  and  ED,  EL  are  equal ;  and  thus 
their  squares  are  equal ;  from  which  take 
away  the  equal  rectangles  MEN,  HEK,  and 
the  remaining  square  of  DM,  or  DF  is  equal 
to  the  remaining  square  of  KL (6.  2. Elem.); 
consequently  DM  and  KL  are  equal,  and 
which  being  taken  from  the  equals  ED,  EL, 
the  remainder  EM  is  equal  to  the  remainder 
EK,  or  the  transverse  axis  A  a ;  and  EM  is 
the  excess  of  DE  above  DF ;  therefore  the 
point  D  is  in  the  hyperbola.  In  like  manner 
it  may  be  demonstrated  that  the  point  d  is  in 
the  hyperbola. 

DEFINITION  X. 

Fig.  8.  If  through  one  of  the  vertices  of  the  trans¬ 
verse  axis  a  straight  line  be  drawn  equal  and 
parallel  to  the  second  axis,  and  bisected  by 
the  transverse  axis;  the  straight  lines  drawn 
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through  the  centre  and  the  extremities  of* the  bookiii. 
parallel  are  called  the  asymptotes .  ^ 

Cor.  1.  The  asymptotes  of  two  opposite 
hyperbolas  are  common  to  both. 

For  let  CD,  CE  be  the  asymptotes  of  the 
hyperbola  AF,  and  draw  through  the  vertex 
A  of  the  transverse  axis  the  straight  line  DAE 
parallel  to  the  second  axis  B6,  and  through 
the  other  vertex  a  the  straight  line  dae  paral¬ 
lel  to  DE  ;  then  because  CD,  CE  are  asymp¬ 
totes,  DA,  AE  are  each  of  them  equal  and 
parallel  to  CB,  half  the  second  axis :  and  be¬ 
cause  DE,  de  are  parallel,  and  CA,  C a  equal, 

(by  simil.  trian.)  ad ,  ae  are  equal  and  parallel 
to  AD,  AE  ;  consequently  they  are  equal  and 
parallel  to  half  the  second  axis :  therefore 
Cc/,  Ce  the  continuations  of  CD,  CE,  are  also 
asymptotes  of  the  opposite  hyperbola  a , 

Cor.  2.  The  asymptotes  are  parallel  to 
straight  lines  joining  the  extremities  of  the 
axes;  for  if  AB,  bA  be  joined,  CE,  CD  are 
parallel  to  them  (  33.  1 .  Elem.). 
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BOOK  III. 

PROP.  XII.  Theor. 

The  asymptotes  do  not  meet  the  hyper¬ 
bola. 

Fis*8*  Let  there  be  a  hyperbola,  the  transverse 
axis  of  which  is  Aa,  and  the  centre  C ;  and 
through  A  draw  a  straight  line  perpendicular 
to  CA,  and  in  this  perpendicular  take  AD. 
AE,  equal,  each  of  them,  to  half  the  second 
axis  ;  join  CD,  CE  ;  which  are  therefore  the 
asymptotes :  now  if  possible,  let  CD  meet  the 
hyperbola  in  F,  and  through  F  draw  a  straight 
line  parallel  to  DA,  and  meeting  the  axis  A  a 
in  G;  and  since  the  rectangle  AG«  is  to  the 
square  of  GF,  as  the  square  of  CA  is  (7.  3.) 
to  that  of  CB  or  AD,  that  is,  as  the  square  ol 
CG  is  to  that  of  GF,  therefore  the  rectangle 
AG  a  is  equal  to  the  square  of  CG  ;  which  is 
absurd  (6.  2.  Elem.):  the  asymptote,  there¬ 
fore,  meets  not  the  hyperbola  in  F.  In  like 
manner  it  may  be  shown,  that  it  does  not 
meet  the  hyperbola  in  any  other  point. 
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BOOK  III. 

PROP.  XIII.  Theor.  " — V — 

I  f  through  a  point  of  a  hyperbola  a 
straight  line  be  drawn  parallel  to  the 
second  axis,  and  meeting  the  asympto¬ 
tes  ;  the  rectangle  contained  by  its  seg¬ 
ments  intercepted  between  the  asymp¬ 
totes  and  that  point,  is  equal  to  the 
square  of  half  the  second  axis. 

Let  F  be  a  point  in  the  hyperbola ;  through  Fig.  s. 

F  draw  KFL  parallel  to  the  second  axis,  and 
meeting  the  asymptotes  in  the  points  K,  L; 
the  rectangle  KFL,  is  equal  to  the  square  of 
CB. 

Through  the  vertex  A  of  the  transverse  axis 
draw  DAE  meeting  the  asymptotes  in  the 
points  D,  E  ;  and  let  KL  meet  the  same  axis 
in  G :  therefore  AD,  AE  are  each  of  them 
equal  and  parallel  to  half  the  second  axis. 

To  the  second  axis  draw  the  straight  line  FM 
parallel  to  CA  ;  and,  by  prop.  8.  of  this  book, 
the  square  of  CB  or  AD  will  be  to  the  square 
of  CA,  as  the  sum  of  the  squares  of  CB,  CM 
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is  to  the  square  of  FM  or  GC  ;  and  (by  si  mil. 
trian.)  the  square  of  AD  is  to  the  square  of 
AC,  as  the  square  of  KG  to  the  square  of 
GC ;  therefore  the  sum  of  the  squares  of  CB, 
CM  is  to  the  square  of  GC,  as  the  square  of 
KG  is  to  the  same  square  of  GC :  conse¬ 
quently  the  sum  of  the  squares  of  CB,  CM  is 
equal  to  (9.  5.  Elem.)  the  square  of  KG : 
from  these  equals  take  the  equal  squares  of 
CM,  FG,  and  the  remaining  square  of  CB  is 
(5.  2.  Elem.)  equal  to  the  remaining  rectan¬ 
gle  KFL.  In  like  manner,  if  KL  meets  the 
hyperbola  again  in  H,  it  may  be  shown,  that 
the  rectangle  KHL  is  equal  to  the  square  of 
CB. 


Cor.  Hence  if  in  a  straight  line  KL  ter¬ 
minated  by  the  asymptotes,  and  parallel  to 
the  second  axis,  there  be  taken  a  point  F, 
so  situated,  that  the  rectangle  KFL  may  be 
equal  to  the  square  of  the  second  axis ;  that 
point  is  in  the  hyperbola. 
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PROP.  XIV.  Theor.  y  ' 

4 

If  a  straight  line  meeting  a  hyperbola,  or 
the  opposite  hyperbolas  in  two  points, 
meets  also  the  asymptotes  ;  the  rectan¬ 
gle  contained  by  the  segments  between 
the  asymptotes  and  the  one  point,  is 
equal  to  that  contained  by  the  segments 
between  the  same  asymptotes  and  the 
other  point :  and  the  straight  lines  in¬ 
tercepted  between  the  asymptotes  and 
the  points  in  the  hyperbola  are  equal. 

Let  AB  be  a  straight  line  meeting  the  hy-  Fig  o 
perbola,  or  opposite  hyperbolas,  in  the  points 
A,  B,  and  the  asymptotes  in  C,  D;  then  the 
rectangles  CAD,  CBD  are  equal ;  and  also 
CA,  BD  are  equal. 

Through  the  points  A,  B  draw  straight 
lines  parallel  to  the  second  axis,  and  meeting 
the  asymptotes  in  E,  F  and  in  G,  H  :  and 
since,  by  the  preceding  proposition,  the  rec¬ 
tangles  EAF,  GBH  are  each  of  them  equal 
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book  hi.  to  the  square  of  half  the  second  axis,  they 
are  equal  to  each  other  ;  therefore,  as  E  A  to 
GB,  so  is  BH  to  AF  :  but  the  triangles  being 
equiangular,  as  EA  to  GB,  so  is  CA  to  CB; 
and  as  BII  to  AF,  so  is  BD  to  AD  :  there¬ 
fore  as  CA  to  CB  so  is  BD  to  AD ;  therefore 
the  rectangle  CAD  is  equal  to  the  rectangle 
CBD  :  take  away,  or  add  the  common  rec¬ 
tangle  AC,  BD,  according  as  the  points  are 
in  the  same,  or  in  opposite  hyperbolas,  and 
the  rectangle  CAB  is  equal  to  the  rectangle 
ABD ;  and  therefore  the  straight  lines  AC, 
BD  are  equal  (1.6.  Elem.). 

Cor.  If  from  two  points  A,  L  in  a  hyper¬ 
bola,  to  either  asymptote  IvC  straight  lines 
AM,  LN  be  drawn  parallel  to  the  other  asymp¬ 
tote  ;  and  from  any  other  point  B  in  the  hy¬ 
perbola  the  straight  lines  AB,  LB  be  drawn 
meeting  the  same  asymptote  KC  in  C,  O; 
then  CO,  MN  are  equal.  For  let  AB,  LB 
meet  the  asymptote  KP  in  the  points  D,  P, 
and  to  the  other  asymptote  KC  draw  BQ 
parallel  to  the  asymptote  KP :  because  AC, 
BD  are  equal,  as  also  OL,  BP;  therefore  CM, 
QK  are  equal,  as  also  ON,  QK  :  consequently 
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CM  is  equal  to  ON;  and  MO  being  com- book  nr. 
mon,  CO,  MN  are  likewise  equal. 

PROP.  XV.  Theor. 

If  through  two  points  in  a  hyperbola,  or 
in  opposite  hyperbolas,  two  parallel 
straight  lines  be  drawn  which  meet  the 
asymptotes  ;  the  rectangles  contained 
by  their  segments  between  the  points 
and  the  asymptotes  are  equal 

Let  A,  B  be  two  points  in  a  hyperbola,  or  Fig.  10. 
in  opposite  hyperbolas  ;  through  these  points 
draw  CD,  EF  parallel  to  each  other,  and 
meeting  the  asymptotes  OC,  OD  in  the  points 
C,  D  and  E,  F ;  the  rectangles  CAD,  EBF 
are  equal. 

Through  the  points  A,  B  to  the  asymptotes 
draw  the  straight  lines  GAH,  KBL  parallel 
to  the  second  axis ;  and  because  the  rectan¬ 
gles  GAH,  KBL  are  each  of  them  equal  ( 1 3. 

3.)  to  the  square  of  half  the  second  axis,  they 
are  equal  to  each  other  :  therefore  GA  is  to 
KB,  as  BL  to  AH  :  but  the  triangles  GAC, 

l  4 
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book  hi.  KBE  being  equiangular,  G  A  is  to  KB,  as  CA 
to  EB  ;  and  the  triangles  LBF,  HAD  being 
equiangular,  BL  is  to  AH,  as  BF  to  AD  : 
therefore  CA  is  to  EB,  as  BF  to  AD  ;  and 
consequently  the  rectangles  CAD,  EBF  are 
equal. 

Fipr.  10.  Cor.  1.  And  if  through  the  centre  a  straight 

n.  2.  . 

line  AOM  be  drawn  meeting  both  the  hyper¬ 
bolas,  and  parallel  to  the  straight  line  BEF ; 
the  square  of  either  segment  AO,  intercepted 
between  the  centre  and  either  hyperbola,  is 
equal  to  the  rectangle  EBF.  The  demon¬ 
stration  is  the  same  as  in  the  proposition. 

Cor.  2.  Hence  any  straight  line  drawn 
through  the  centre,  and  terminated  by  op¬ 
posite  hyperbolas,  is  bisected  in  the  centre. 

rig.  io.  Cor.  3.  If  CD,  EF  meet  a  hyperbola,  or 

id#  x  • 

its  opposite  hyperbola  again  in  the  points  M, 
N,  the  rectangle  ACM  or  ADM,  is  equal  to 
the  rectangle  BEN  or  BFN  :  for  AC,  MD 
are  equal,  as  also  BF,  NE. 

Fig-  l°-  Cor.  4.  And  since  it  has  been  proved,  that 

n.  2.  e  . 

the  square  of  the  semidiameter  AO  or  OM  is 
equal  to  the  rectangle  EBF,  that  is,  to  BEN ; 
therefore  BE  is  to  AO,  as  AO  to  EN ;  and 
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consequently  BN  is  greater  than  (25.  5.  E-  bookiii. 
lem.)  twice  AO,  that  is,  than  AM  ;  that  is, 
any  transverse  diameter  is  less  than  any  other 
straight  line  parallel  to  it,  and  terminated  in 
opposite  hyperbolas. 

Cor.  5.  If  in  a  straight  line  BN  terminated 
by  the  hyperbolas,  there  be  taken  the  points 
E,  F  such,  that  each  of  the  rectangles  BEN, 

BFN  be  equal  to  the  square  of  the  semidia¬ 
meter  AO,  which  is  parallel  to  BN ;  the 
points  E,  F  are  in  the  asymptotes. 

PROP.  XVI.  Theor. 

If  from  a  point  in  a  hyperbola  to  the  asymp¬ 
totes  any  two  straight  lines  be  drawn, 
to  which  other  two  straight  lines  drawn 
to  the  asymptotes  from  any  other  point 
in  the  same,  or  opposite  hyperbola,  are 
parallel  ;  the  rectangle  contained  by  the 
former  straight  lines  is  equal  to  that 
contained  by  the  latter. 

Let  A,  B  be  points  in  a  hyperbola,  or  in  ^  1]s 
opposite  hyperbolas ;  through  A  draw  the 
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book  hi.  straight  lines  AC,  AD  to  the  asymptotes, 
r ^  and  through  B  draw  BE,  BF  parallel  to  AC, 
AD  :  the  rectangle  CAD  is  equal  to  the 
rectangle  EBF. 

Draw  through  the  points  A,  B  to  the  a- 
symptotes  the  straight  lines  GAH,  KBL  pa¬ 
rallel  to  the  second  axis,  and  the  proposition 
may  be  demonstrated  in  the  same  words  with 
the  preceding. 

Cor.  1.  Hence,  if  from  two  points  in  a 
hyperbola,  or  opposite  hyperbolas,  to  one  or 
both  of  the  asymptotes,  two  straight  lines  be 
drawn  parallel  to  the  other  asymptote,  or  to 
both  of  them  ;  the  rectangles  contained  by 
each  parallel  and  the  abscissa  *  between  it 
and  the  centre  are  equal. 

Let  A,  B  be  the  points ;  through  them 
draw  AC  and  BE,  or  BF,  parallel  to  the 
asymptotes ;  the  rectangle  contained  by  the 
parallel  AC,  and  the  abscissa  CO  between  AC 


*  In  general,  the  parts  cut  ofF  in  an  indefinite  straight  line, 
and  estimated  From  a  given  point,  by  parallels  drawn  from  any 
curve  line,  and  forming  with  it  a  given  angle,  are  called  Abscissa r, 
or  abscissas ;  and  the  parallels  are  called  Ordinates  to  that  curve. 
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and  the  centre,  is  equal  to  the  rectangle  BEO  bookiii. 
or  BFO.  For  complete  the  parallelograms 
ACOD,  BEOF  and  the  rectangles  CAD, 

EBF,  that  is,  the  rectangles  ACO,  BEO,  will 
be  equal. 

Cor.  2.  And  since  the  rectangles  CAD, 

EBF  are  equal,  AC  is  to  BE,  as  BF  to  AD ; 
and  the  parallelograms  ACOD,  BEOF  being 
equiangular,  they  are  therefore  equal  (14.  6. 

Elem.). 


PROP.  XVII.  Theor. 

Any  straight  line  drawn  through  the  cen¬ 
tre,  and  within  the  angle  contained  by 
the  asymptotes,  meets  the  hyperbola. 

Let  AB,  AC  be  the  asymptotes,  and  AD  Fig.  12. 
the  half  of  the  transverse  axis,  and  let  AEbe 
any  straight  line  drawn  from  the  centre,  and 
passing  within  the  angle  BAC ;  this  straight 
line  AE  meets  the  hyperbola.  For  if  AE 
meets  not  the  hyperbola,  through  D  draw 
BDC  parallel  to  the  second  axis,  and  meeting 
the  asymptotes  in  B,  C  ;  draw  also  DF  paral¬ 
lel  to  AB,  and  let  DF  meet  AE  in  F$  and 
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book  iii.  having  taken  BG  equal  to  DF,  join  GF, 
which  will  be  equal  and  parallel  to  BD,  and 
will  therefore  meet  the  transverse  axis  at  right 
angles,  and  so  will  cut  the  hyperbola  (1 1.  3.): 
let  it  cut  it  in  H  on  the  same  side  of  AD 
with  the  point  F  ;  and  let  it  meet  the  other 
asymptote  in  K :  since,  therefore,  the  point 
F  is  without  the  hyperbola,  GH  is  greater 
than  GF,that  is,  than  BD  ;  and  HK  isgreater 
than  DC  :  therefore  the  rectangle  GHK  is 
greater  than  the  rectangle  BDC,  that  is,  than 
the  square  of  BD :  but,  by  the  13th  of  this 
book,  the  rectangle  GHK  is  equal  to  the 
square  of  BD ;  which  is  absurd.  Therefore 
AE  necessarily  meets  the  hyperbola. 

Fig.  io.  Cor.  If  from  the  centre  a  straight  line  OA 
be  drawn  within  the  angle  contained  by  the 
asymptotes;  and  the  square  of  that  straight 
line  be  equal  to  the  rectangle  EBF,  contained 
by  the  segments  of  any  straight  line  parallel 
to  OA,  which  are  intercepted  between  the 
point  B,  where  that  parallel  meets  the  hyper¬ 
bola,  and  the  points  E,  F  where  it  meets  the 
asymptotes ;  the  point  A  is  in  one  of  the  hy¬ 
perbolas.  For,  according  to  the  proposition. 
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the  straight  line  OA  necessarily  meets  the  bookiii. 
hyperbola,  if,  therefore,  it  meets  not  the  hy- 
perbola  in  A,  it  must  meet  it  in  some  other 
point  P ;  and  then  the  square  of  OP  will  be 
equal  to  the  (l.  cor.  15.  3.)  rectangle  EBF, 
that  is,  to  the  square  of  OA ;  which  is  absurd. 
Therefore  the  point  A  is  in  the  hyperbola. 

PROP.  XVIII.  (Prop.  13.  B,  2.  Apoll.J 

If  within  the  angle  contained  by  the 
asymptotes,  any  straight  line  be  drawn 
parallel  to  either  of  the  asymptotes  ;  it 
meets  the  hyperbola  in  one  point  only, 
and  passes  within  the  hyperbola. 

Let  there  be  a  hyperbola,  the  asymptotes  Fis-  12* 
of  which  are  AL,  AM ;  take  any  point  N, 
and  through  N  draw  NO  parallel  to  AL ;  the 
straight  line  NO  will  meet  the  hyperbola. 

For,  if  possible,  let  NO  not  meet  the  hyper¬ 
bola  ;  in  the  hyperbola  take  any  point  P, 
through  which  draw  PQ,  PM  parallel  to  AM, 

AL  ;  and  make  the  rectangle  ANO  equal  to 
MPQ;  and  having  joined  AO,  produce  it, 
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book  hi.  AO  win  meet  the  hyperbola  (17.  3.):  let  it 
meet  it  in  the  point  R,  and  through  R  draw 
RS,  RT  parallel  to  AM,  AL ;  therefore  the 
rectangle  MPQ  is  equal  to  the  (16.  3.)  rec¬ 
tangle  TRS :  but  the  rectangle  ANO  is  made 
equal  to  the  same  MPQ ;  consequently  the 
rectangle  TRS,  that  is,  the  rectangle  ATR, 
is  equal  to  ANO ;  which  is  impossible;  be¬ 
cause  RT  is  greater  than  NO,  and  AT  greater 
than  AN:  therefore  NO  must  meet  the  hy¬ 
perbola.  Let  it  meet  it  in  the  point  V  ;  and 
it  remains  to  be  proved  that  it  does  not  meet 
it  in  any  other  point :  for,  if  possible,  let  it 
meet  the  hyperbola  likewise  in  X,  and  through 
V,  X  draw  VY,  XL  parallel  to  AM ;  there¬ 
fore  the  rectangle  NVY  is  equal  to  the  rec¬ 
tangle  NXL  ;  which  is  absurd  :  therefore  NO 
meets  the  hyperbola  no  where  but  in  the  point 
V.  Lastly,  in  the  straight  line  NV  produced, 
take  the  point  X,  and  through  X  draw  a 
straight  line  parallel  to  AN,  and  let  this  pa¬ 
rallel  meet  AY  in  L  and  the  hyperbola  in  Z ; 
therefore  the  rectangle  XL  A  is  greater  than 
VYA,  that  is,  than  ZLA  ;  therefore  LX  is 
greater  than  LZ ;  and  thus  the  point  X  is 
within  the  hyperbola. 
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Cor,  1.  It  appears  from  the  demonstration, 
that  a  straight  line  drawn  through  the  centre, 
and  passing  between  the  asymptotes;  meets 
the  hyperbola  in  one  point  only ;  for  should 
AR  meet  the  hyperbola  in  another  point  O, 
the  rectangles  RTA,  ONA  would  be  equal; 
which  is  absurd. 

Cor.  2.  And  if  a  straight  line  meet  a  hy¬ 
perbola,  or  opposite  hyperbolas,  in  two  points, 
it  meets  both  the  asymptotes  :  for  if  it  were 
parallel  to  the  one  of  the  asymptotes,  it  would 
meet  the  hyperbola  in  only  one  point. 

Cor.  3.  And  if  a  straight  line  touch  a  hy¬ 
perbola,  it  meets  both  the  asymptotes :  for  if 
it  were  parallel  to  the  one  of  them,  it  would 
pass  within  the  hyperbola ;  which  is  absurd. 

Cor.  4.  If  through  the  point  N  in  one 
asymptote  a  straight  line  NO  be  drawn  pa¬ 
rallel  to  the  other,  and  in  this  straight  line, 
and  within  the  angle  containing  the  hyper¬ 
bola,  a  point  V  be  taken,  making  the  rectangle 
VNA,  contained  by  a  straight  line  between 
the  asymptote  AM  and  the  point  V,  and  the 
abscissa  between  it  and  the  centre,  equal  to 
the  rectangle  PMA,  contained  by  a  straight 
line  drawn  b  om  any  point  R  of  the  hyperbola. 
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book  hi.  so  as  to  be  parallel  to  the  asymptote  AL,  and 
w"/~/  the  abscissa  between  this  parallel  and  the 
centre  ;  the  point  V  is  in  the  hyperbola.  For 
if  NO  meet  not  the  hyperbola  in  V,  let  it,  if 
possible,  meet  it  in  X  :  the  rectangle  XNA 
is,  therefore,  equal  to  the  rectangle  PMA, 
that  is,  to  the  rectangle  VNA;  which  is  ab¬ 
surd.  Therefore  the  point  V  is  in  the  hyper¬ 
bola. 


PROP .  XIX.  The  or. 

l"lg-  13-  If  through  a  point  A  of  a  hyperbola  a 
straight  line  be  drawn  meeting  both  the 
asymptotes  in  the  points  B,  C  ;  if  from 
either  of  the  points  C,  another  straight 
line  CD  be  placed  equal  to  the  straight 
line  intercepted  between  the  point  A 
in  the  hyperbola  and  the  remaining 
point  B,  so  that  the  extremity  D  of  the 
straight  line  CD,  and  the  point  A  in 
the  hyperbola,  may  be  either  both  be¬ 
tween,  or  beyond,  the  points  B,  C ; 
the  point  D,  in  the  first  case,  is  in 
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the  hyperbola  in  which  the  point  A  is  ;  book  iii. 
but  in  the  second,  it  is  in  the  opposite 
hyperbola. 

Let  G  be  the  centre  of  the  hyperbolas,  and 
through  A,  D,  to  either  asymptote  GB,draw 
straight  lines  AE,  DF  parallel  to  the  remain¬ 
ing  asymptote  :  and,  because  of  the  parallels, 

BA  is  to  DC,  as  BE  to  EG  ;  but  BA,  DC 
are  equal ;  therefore  BE,  EG  are  equal ;  and 
consequently  BE,  EG  are  also  equal :  and 
because  of  the  equiangular  triangles,  AE  is 
to  DF,  as  BE  to  BF,  that  is,  as  FG  to  EG  ; 
therefore  the  rectangle  AEG  is  equal  to  the 
rectangle  DFG  :  but  the  point  A  is  in  the 
hyperbola  ;  and  because  GF  is  an  asymptote, 
the  point  D  is  also  in  the  hyperbola  (4.  cor. 
preced.  prop.). 

PROP.  XX.  Theor. 

If  a  straight  line  cuts  the  asymptotes,  but 
opposite  to  the  angle  adjacent  to  that 
containing  a  hyperbola  ;  it  meets  each 

of  the  hyperbolas  in  only  one  point. 
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.  Let  there  be  a  hyperbola,  the  asymptotes 
of  which  are  GB,  GC,  and  let  the  straight 
line  BC  cut  them  in  the  points  B,  C  ;  and 
having  taken  in  the  hyperbolas  any  point  H, 
and  drawn  HIK  parallel  to  BC,  meeting  the 
asymptotes  in  I,  K;  to  the  straight  line  BC 
apply  a  rectangle  equal  to  the  rectangle  IHK, 
and  exceeding  by  a  square  (29.  6.  Elein.)  ; 
and  let  either  A,  or  D  be  the  point  of  appli¬ 
cation  ;  the  points  A,  I)  are  in  the  hyperbo¬ 
las.  For  through  A,  II  draw  the  straight 
lines  AE,  AN,  and  IIL,  HM  parallel  to  the 
asymptotes;  and  because  the  rectangles  BAC, 
KHI  are  equal,  BA  is  to  KII  as  III  to  AC  : 
but,  because  of  the  equiangular  triangles,  BA 
is  to  KII  as  AE  to  HE;  and  III  is  to  AC,  as 
HM  to  AN  ;  therefore  AE  is  to  HL,  as  HM 
to  AN ;  and  therefore  the  rectangle  EAN,  or 
AEG,  is  equal  to  the  rectangle  MHL,  or 
HLG  :  but  the  point  H  is  in  the  hyperbola  ; 
therefore  the  point  A  is  also  in  the  same,  or 
in  the  opposite  hyperbola  (4.  cor.  IS.  3.).  In 
the  same  manner  D  is  shown  to  be  in  the 
hyperbola  opposite  to  that  in  which  the  point 
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A  is.  And  it  is  manifest,  that  BC  does  not  bookiii. 
meet  the  hyperbolas  in  any  other  point. 

Cor.  Hence,  if  a  straight  line  BC  cut  both 
the  asymptotes,  but  opposite  to  the  angle  ad¬ 
jacent  to  that  containing  the  hyperbola,  and 
in  BC  produced  a  point  A  be  taken  such, 
that  the  rectangle  BAC  be  equal,  either  to 
KHI,  contained  by  the  segments  of  any 
straight  line  HK  parallel  to  BC,  intercepted 
between  the  point  H  where  HK  meets  the 
hyperbola,  and  the  points  K,  I  where  it  meets 
the  asymptotes,  or  to  the  square  of  the  semi- 
diameter  parallel  to  BC  ;  the  point  A  is  in 
one  of  the  hyperbolas  (1.  cor.  15.  3.). 

PROP.  XXI.  Theor. 

If  a  straight  line  cut  both  the  asymptotes 
of  a  hyperbola,  and  if  the  square  of  half 
this  line  be  not  less  than  the  rectangle 
contained  by  the  segments  of  ano¬ 
ther  straight  line,  drawn  parallel  to  it, 
through  any  point  of  the  hyperbola, 

intercepted  between  the  hyperbola  and 

m  2 
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BOOK  III. 


the  asymptotes  ;  this  straight  line  meets 

the  hyperbola 

Let  there  be  a  hyperbola,  the  asymptotes 
of  which  are  OC,  OD,  and  let  a  straight  line 
GH  cut  them  ;  in  the  hyperbola  take  any 
point  M,  and  through  M  draw  a  straight  line 
parallel  to  GH,  meeting  the  asymptote  in  K, 
L  ;  if  the  square  of  half  GH  is  not  less  than 
the  rectangle  KML,  the  straight  line  GII 
meets  the  hyperbola. 

To  the  straight  line  GH  apply  a  rectangle 
equal  to  the  rectangle  KML,  and  deficient 
by  a  square  ;  which,  from  the  determination, 
is  possible  (27.  28.  6.  Elem.),  and  let  A  be 
the  point  of  application  ;  this  point  will  be  in 
the  hyperbola  :  for  if  the  straight  lines  AC. 
MN  be  drawn  through  the  points  A,  M  pa 
rallel  to  the  asymptotes,  the  rectangles  ACO, 
MNO  will  be  equal  (1.  cor.  16.  3.);  because 
the  rectangle  GAH  is  (15.  3.)  equal  to  the 
rectangle  KML ;  but  the  point  M  is  in  the 
hyperbola,  therefore  the  point  A  is  also  in  it. 
In  like  manner  it  may  be  proved,  that  the 
other  point  of  application  is  in  the  hyperbola  : 
but  if  the  square  of  the  half  of  GH  be  equal 
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to  the  rectangle  KML,  the  point  bisecting  book  in. 
GH  is  the  only  point  of  GH  that  can  be  in 
the  hyperbola. 

Cor.  Hence,  if  in  a  straight  line  GH  cut¬ 
ting  the  asymptotes  OK,  OL  of  a  hyperbola, 
a  point  A  be  taken,  making  the  rectangle 
GAH  equal  either  to  the  rectangle  KML, 
contained  by  the  segments  of  any  other 
straight  line  KL  parallel  to  GH,  intercepted 
between  the  point  M  where  KL  meets  the  hy¬ 
perbola,  and  the  points  K,  L,  where  it  meets 
the  asymptotes  ;  or,  equal  to  the  square  of 
the  segment- of  the  tangent  parallel  to  GH, 
between  the  asymptote  and  point  of  contact; 
the  point  A  is  in  one  of  the  hyperbolas. 

PROP.  XXII.  (Prop.  14.  B.  2.  A  poll ). 

An  asymptote  and  the  hyberbola,  produc¬ 
ed  indefinitely,  continually  #  approach  ; 
and  the  distance  between  them  becomes 
less  than  any  given  distance. 


See  Proposition  XII. 
M 


3 
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book  hi.  Let  there  be  a  hyperbola,  the  asymptotes 
V7TY77/  of  which  are  AB,  AC,  and  let  D  be  the  given 
distance  ;  and  let  E,  F  be  two  points  in  the 
hyperbola,  through  which  draw  GEH,  CFL 
parallel  to  each  other,  and  meeting  the  asymp¬ 
totes  in  the  points  G,  H  and  C,  L  ;  join  AE, 
and  let  it  meet  CL  in  K;  then,  because  the 
rectangle  GEH  (15.  3.)  is  equal  to  the  rec¬ 
tangle  CFL,  LF  is  to  HE,  as  EG  is  to  EC : 
but  LF  is  greater  than  HE,  because  KL  is 
greater  than  HE ;  therefore  EG  is  also  greater 
than  FC.  In  like  manner  it  may  be  proved, 
that  the  parallels  which  follow  are  succes¬ 
sively  less  than  FC.  Take  then  a  distance 
GM  less  than  the  given  distance  D,  and 
through  M  draw  MN  parallel  to  AC;  there¬ 
fore  MN  will  meet  (18.  3.)  the  hyperbola  :  let 
it  meet  it  in  N,  and  through  N  draw  ONB 
parallel  to  GH ;  therefore  the  distance  OXT 
is  equal  to  GM,  and  therefore  less  than  the 
given  distance  D. 
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BOOKIir. 

PROP.  XXIII.  '■  ’ 

li  a  straight  line  intercepted  between  the 
asymptotes  meets  the  hyperbola,  and  is 
bisected  in  the  point  where  it  meets  it ; 
this  line  touches  the  hyperbola  :  and  if 
it  touch  the  hyperbola,  it  is  bisected  in 
the  point  of  contact. 

Let  there  be  a  hyperbola,  the  asymptotes  Fig.  15. 

II*  1  • 

of  which  are  AB,  AC,  and  let  a  straight  line 
BC,  terminated  by  the  asymptotes,  meet  it 
in  the  point  13,  and  be  bisected  in  D ;  the 
straight  line  BC  touches  the  hyperbola. 

Through  13  d  raw  DE  parallel  to  the  one 
asymptote  AC,  and  meeting  the  other  in  E ; 
and  in  BC  take  any  point  G,  through  which 
draw  GH  parallel  to  DE  ;  GH  will  meet  the 
hyperbola  (18.  3.)  in  some  point  F  :  then,  be¬ 
cause  BD,  DC  arc  equal,  BE,  EA  are  also 
equal ;  and,  because  of  the  equiangular  tri¬ 
angles,  BE  is  to  ED,  as  BH  to  IIG  ;  there¬ 
fore  0.6.  Eiem.)  the  rectangle  BEA  is  to  the 
rectangle  DEA,  as  the  rectangle  BHA  to 

M  4 


CONIC  SECTIONS. 


1  S4< 

book  iii.  GHA :  but  the  rectangle  BE  A  is  (5.  2.  E- 
lem.)  greater  than  BHA ;  therefore  the  rec¬ 
tangle  DEA  is  also  greater  (14.  5.  Elem.) 
than  the  rectangle  GHA  ;  that  is,  because  F 
is  in  the  hyperbola,  the  rectangle  FHA  is 
greater  than  the  rectangle  GHA  ;  and  there¬ 
fore  FH  is  greater  than  FIG  :  therefore  the 
point  G  is  without  the  hyperbola ;  and  there¬ 
fore  the  straight  line  BC  touches  the  hyper¬ 
bola  in  the  point  D. 

OTHERWISE. 

i>>.  If  a  straight  line  LM,  terminated  by  the 
asymptotes,  is  bisected  by  the  hyper¬ 
bola  in  the  point  D,  it  touches  the  hy¬ 
perbola  in  this  point. 

It  is  plain  that  the  straight  line  LD  passes 
not  within  the  hyperbola;  for  if  it  passed 
within  the  hyperbola  it  would  necessarily 
meet  it  again  in  another  point,  because  the 
points  L,  M  are  without  the  hyperbola  :  but 
it  is  impossible  for  it  to  meet  the  hyperbola 
in  any  other  point  but  D.  For,  if  possible, 
let  it  meet  it  likewise  in  N  ;  therefore  NM  is 
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A  4.  3.)  equal  to  DL,  that  is,  according  to  bookiii. 
the  hypothesis,  to  DM:  which  is  absurd. 
Therefore  LM  falls  not  within  the  hyperbola, 
nor  meets  it  any  where  but  in  the  point  D ; 
and  therefore  LM  touches  it  in  D. 

On  the  contrary  :  if  the  straight  line  LM, 
terminated  by  the  asymptotes,  touch  the  hy¬ 
perbola  in  D,  it  is  bisected  in  the  point  of 
contact. 

For  if  LD,  DM  are  unequal,  from  DM  the 
greater  take  away  MN  equal  to  LD  the  less; 
therefore  the  point  N  is  (19.  3.)  in  the  hyper¬ 
bola  ;  and  therefore,  contrary  to  the  hypo¬ 
thesis,  LM  cuts  the  hyperbola. 

Cor.  1.  Hence  through  the  same  point  of  Fig.  is. 
a  hyperbola,  only  one  straight  line  can  be 
drawn  touching  the  hyperbola. 

Let  D  be  a  point  in  the  hyperbola,  and 
through  that  point  to  the  asymptote  AB  draw 
a  straight  line  DE  parallel  to  the  other ;  and 
take  EB  equal  to  EA,  and  having  joined  BD, 
let  it  meet  the  asymptote  AC  in  C :  then, 
since  BE,  EA  are  equal,  BD,  DC  are  also 
equal  ;  BC,  therefore,  touches  the  hyperbola 
in  D  And  no  other  straight  line  can  touch 
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book  hi.  it  in  the  same  point  D  :  for,  if  possible,  let 
LDM  also  touch  it ;  then,  since  BE,  EA  arc 
equal,  therefore  LE,  EA  are  unequal ;  and 
consequently  LD,  DM  are  likewise  unequal : 
therefore  LM  does  not  touch  the  hyperbola. 

Cor.  2.  Hence  is  manifest,  the  manner  by 
which,  if  the  asymptotes  AB,  AC  of  a  hyper¬ 
bola  be  given  in  position,  a  straight  line  EC 
can  be  drawn,  which  shall  touch  the  hyper¬ 
bola  in  a  given  point  D. 

Fig.  15.  Cor.  3.  If  through  the  vertices  of  a  trans- 

n.  2.  #  & 

verse  diameter  two  straight  lines  be  drawn 
touching  the  hyperbolas,  they  are  parallel  to 
each  other.  Let  AC,  BC  be  the  asymptotes, 
and  let  AOB,  QPR  touch  the  hyperbolas  in 
the  vertices  of  the  transverse  diameter  OCP; 
the  tangents  AB,  QR  are  parallel.  Draw  to 
either  asymptote  AC  the  straight  lines  OS, 
FT  parallel  to  the  other,  and  the  triangles 
SCO,  TCP  are  equiangular ;  by  the  proposi¬ 
tion,  AO,  OB  are  equal,  and  because  of  the 
parallels,  AS,  SC  are  also  equal :  and,  in  like 
manner,  QT,  TC  are  equal ;  and  CO  is  to 
CP,  as  CS  to  CT,  and  consequently,  as  CA 
to  CQ ;  therefore  the  triangles  OCA,  PCQ 
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are  equiangular;  and  therefore  OA,  PQ  are  bookiii. 
parallel.  wyw 

Cor.  4.  And  if  a  straight  line  be  drawn 
parallel  to  a  tangent,  and  meeting  the  hyper¬ 
bola  ;  the  square  of  the  segment  of  the  tan¬ 
gent  between  the  point  of  contact  and  either 
of  the  asymptotes,  is  equal  to  the  rectangle 
contained  by  the  segments  of  the  parallel, 
between  either  point  of  concourse  with  the 
hyperbola  and  the  asymptotes.  For  this  rec¬ 
tangle  is  equal  to  the  rectangle  contained  by 
the  segments  of  the  tangent  (15.  8.)  between 
the  point  of  contact  and  the  asymptotes,  that 
is,  equal  to  the  square  of  its  segment  between 
the  point  of  contact  and  either  of  the  asymp¬ 
totes. 


PROP.  XXIV.  Prob. 

The  asymptotes  AB,  AC  of  a  hyperbola,  Fig.  15. 

n*  1  * 

and  a  point  F  in  the  same,  being  given 
in  position  ;  to  draw  a  straight  line 
which  shall  touch  the  hyperbola,  and 
be  parallel  to  a  straight  line  KO,  which 
is  given  in  position,  and  cuts  both  the 
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book  in.  asymptotes  of  the  hyperbola,  or  oppo¬ 
site  hyperbolas. 

Suppose  the  problem  solved ;  and  let  BC 
be  parallel  to  KO,  and  touch  the  hyperbola 
in  D ;  and  having  joined  AD,  let  AD  meet 
KO  in  P;  draw  FRQ  parallel  to  AD,  and 
meeting  the  asymptotes  in  Q,  II ;  and  since 
the  straight  line  BC  touches  the  hyperbola  in 
D,  therefore  BD  is  equal  to  DC  (23.  3.) ; 
and  consequently  KP  is  equal  to  PO ;  and 
and  KO  is  given  in  position  and  magnitude ; 
therefore  KP  and  the  point  P  are  given  ;  but 
the  point  A  is  given  ;  therefore  the  straight 
line  PAD  is  given  in  position.  Now  the 
square  of  AD  is  equal  to  (1.  cor.  15 .  3.)  the 
rectangle  QFR ;  and  since  FRQ  is  given  in 
position  (28.  dat.),  and  that  AB,  AC  are 
likewise  given  in  position  ;  therefore  FQ,  FR 
are  (25.  26.  dat.)  given  ;  and  therefore  the 
rectangle  QFR  is  given;  consequently  the 
square  of  AD  is  given  ;  and  therefore  AD  is 
given  in  magnitude  :  but  the  point  A  is  given 
in  position  ;  therefore  the  point  D  is  also 
given  (27.  dat.)  ;  and  (28.  dat.)  therefore  the 
straight  line  BDC  is  given  in  position. 
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The  composition  is  thus :  let  KO  be  bi-  book  iii. 
sected  in  P ;  and  having  joined  AP,  draw 
through  the  point  F  a  straight  line  FRQ  pa¬ 
rallel  to  AP,  and  meeting  the  asymptotes  in 
the  points  R,  Q;  in  AP  produced,  and  in 
either  direction  from  the  centre,  take  AD  a 
mean  proportional  between  FQ,  FR ;  and 
and  through  D  draw  BDC  parallel  to  KO ; 
then  BC  will  touch  the  hyperbola  in  D.  For 
since  the  square  of  AD  is  equal  to  the  rec¬ 
tangle  QFR,  the  point  D  is  (cor.  17.  3.)  in 
the  hyperbola  ;  and  since  KO,  BC  are  paral¬ 
lel,  and  that  KO  is  bisected  in  P  by  the 
straight  line  PAD,  therefore  BC  is  bisected 
in  D ;  and  consequently  touches  the  hyper¬ 
bola  in  the  same  point  D  (23.  3.). 

PROP.  XXV.  Tiieor. 

1  f  two  straight  lines  touch  a  hyperbola,  or 
opposite  hyperbolas,  and  cut  the  asymp¬ 
totes  ;  the  rectangle  contained  by  the 
abscissas  of  the  asymptotes  between  the 
centre  and  the  one  straight  line,  is  equal 
to  the  rectangle  contained  by  the  ab- 
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•  scissas  between  the  centre  and  the  other 

straight  line. 

Let  there  be  a  hyperbola,  with  AB,  AD 
for  its  asymptotes,  let  a  straight  line  BD 
touch  it  in  C,  and  let  another  straight  line 
GE  touch  the  same,  or  the  opposite  hyper¬ 
bola,  in  F ;  the  rectangles  BAD,  EAG  will 
be  equal. 

From  the  points  C,  F  draw  CH,  CK,  and 
FL,  FM  parallel  to  the  asymptotes;  then 
because  BCD  touches  the  hyperbola,  BC  is 
equal  to  CD,  (23.  3.) ;  and  consequently  BA 
is  the  double  of  AH,  and  AD  the  double  of 
IIC ;  therefore  the  rectangle  BAD  is  the 
quadruple  of  the  rectangle  CHA.  It  may 
be  shown  in  the  same  manner,  that  the  rec¬ 
tangle  EAG  is  the  quadruple  of  the  rectangle 
FM  A :  but  (16.  3.)  the  rectangle  CHA  is  e- 
qual  to  the  rectangle  FMA ;  the  rectangle 
BAD  is  therefore  equal  to  the  rectangle 
EAG. 
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PROP.  XXVI.  Theob. 

ff  two  straight  lines  touching  a  hyperbola, 
or  opposite  hyperbolas,  meet  the  a- 
symptotes  ;  the  straight  lines  drawn 
between  the  point  of  concourse  are  pa¬ 
rallel  to  each  other,  and  to  the  straight 
line  joining  the  points  of  contact. 

Let  there  be  a  hyperbola,  with  AB,  AD 
for  its  asymptotes  -7  let  BD  touch  it  in  C,  and 
EG  touch  the  same,  or  the  opposite  hyper¬ 
bola,  in  F ;  join  Bp],  DG,  and  CF ;  the 
straight  lines  BE,  DG,  and  GF  are  parallel. 

Since  the  rectangles  BAD,  EAG  are  e- 
(jual,  BA  is  to  EA,  as  GA  to  AD  ;  therefore 
BE,  GD  are  parallel  :  join  DF,  and  let  it 
meet  BE  in  N  :  then  since  DP1  is  to  FN,  as 
GF  to  FE,  that  is,  as  (23.  3.)  DC  to  CB; 
therefore  BN,  CF  are  parallel. 

Cor.  Hence,  of  two  straight  lines  touch¬ 
ing  a  hyperbola,  their  segments  between  the 
asymptotes,  are  cut  proportionally,  in  the 
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book  in.  point  O  where  the  two  straight  lines  inter- 
sect  each  other;  and  also  in  C,  F  the  points 
of  contact. 

PROP.  XXVII.  Theor. 

Every  straight  line  drawn  through  the 
centre  of  a  hyperbola,  and  passing 
within  the  angle  formed  by  the  asymp¬ 
totes,  adjacent  to  that  containing  the 
hyperbola,  is  a  right  diameter. 

15.  Let  there  be  a  hyperbola,  of  which  AC, 

Ti*  v* 

BC  are  its  asymptotes,  and  draw  any  straight 
line  CE  through  the  centre,  and  within  the 
angle  ACD,  adjacent  to  the  angle  ACB ; 
then  is  CE  a  right  diameter. 

In  BC  produced  take  any  point  D,  and 
through  D  to  CE  draw  a  straight  line  DF 
parallel  to  the  asymptote  CA ;  and  having 
made  DG  equal  to  DC,  join  GF,  and  let  GF 
meet  CA  in  H :  then,  since  GII  meets  the 
straight  lines  CA,  CD,  which  contain  the 
angle  adjacent  to  ACB,  it  must  (20.  3.)  meet 
the  hyperbolas:  let  it  meet  them  in  the  points 
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K,  L  ;  therefore  KH,  LG  are  equal  (14.  3.)  :  bookih. 
and  because  CD,  DG  are  equal,  and  CH,  DF  ^ 
parallel,  therefore  HF,  FG  are  equal;  conse¬ 
quently  the  whole  FK  is  equal  to  the  whole 
FL ;  and  therefore  CF  is  (4.  def.  3.)  a  right 
diameter. 


DEF.  XI. 

A  straight  line  drawn  through  the  centre 
of  a  hyperbola,  bisected  in  the  centre,  and 
parallel  to  a  straight  line  which  touches  the 
hyperbola,  and  equal  to  its  segment  between 
the  asymptotes,  is  called  the  second  diameter 
of  the  diameter  drawn  through  the  point  of 
contact. 

Cor.  1.  Hence  every  second  diameteris  a 
right  diameter  :  for  it  passes  within  the  angle 
formed  by  the  asymptotes,  adjacent  to  that 
containing  the  hyperbola  (3.  cor.  18.  3.). 

Cor.  2.  Hence,  the  straight  lines  which 
join  the  vertices  of  a  transverse  diameter,  and 
of  its  second  diameter,  are  parallel  to  the  a- 
symptotes. 
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book  iii«  For  let  OCF  be  a  transverse  diameter,  and 
MCN  its  second,  and  AOB  a  straight  line 
touching  the  hyperbola  in  the  vertex  of  the 
transverse  OCP  ;  the  straight  lines  MO,  NO 
are  (33.  1.  Elem.  and  11.  def.  3.)  parallel  to 
CB,  CA. 


DEF.  XII. 

A  third  proportional  to  two  diameters,  one 
of  which  is  a  transverse  diameter,  and  the 
other  its  second  diameter  is  called  the  latus 
rectum ,  or  the  j parameter  of  that  diameter 
which  is  the  first  of  the  three  proportionals. 

PROP.  XXVIII.  The  or. 

If  from  a  point  in  a  hyperbola  to  a  trans¬ 
verse  diameter,  a  straight  line  be  drawn 
parallel  to  its  second  diameter ;  the 
square  of  the  transverse  is  to  the  square 
of  its  second  diameter,  as  the  rectangle 
contained  by  the  segments  of  the  trans¬ 
verse  between  its  vertices  and  the  pa¬ 
rallel,  is  to  the  square  of  the  parallel. 


THE  HYPERBOLA. 


195 


Let  A  a  be  a  transverse  diameter,  B  b  its  bookiii. 
second  diameter,  and  CG,  CF  the  asympto- 
tes ;  from  a  point  D  in  the  hyperbola  to  the  n-  L 
transverse  A  a  draw  DE  parallel  to  B  b ;  the 
square  of  is  to  the  square  of  B5,  as  the 
rectangle  AErz  is  to  the  square  of  DE. 

Let  DE  meet  the  asymptotes  in  F,  G,  and 
draw  II AK  touching  the  hyperbola  in  the 
vertex  A  ;  therefore,  by  def.  1 1.  of  this  book, 

HA  is  equal  and  parallel  to  BC,  and,  of  con¬ 
sequence,  parallel  to  FE  ;  and,  because  of 
the  equiangular  triangles,  the  square  of  CE 
is  to  the  square  of  EF,  as  the  square  of  CA 
to  the  square  of  AH,  that  is,  as  the  same 
square  of  CA  to  the  (4.  cor.  23.  3.)  rectangle 
FDG  ;  the  square  of  CA  is,  therefore  (19.  5. 

Elem.)  to  the  square  of  AH,  as  the  rectangle 
AEa  to  the  square  of  ED  ;  and  therefore  the 
square  of  A  a  is  to  the  square  of  B  b,  as  the 
rectangle  AEa  to  the  square  of  ED. 

Cor.  1.  The  squares  of  straight  lines  drawn 
from  points  of  a  hyperbola,  or  of  the  opposite 
hyperbola,  to  a  transverse  diameter,  and  pa¬ 
rallel  to  its  second,  are  to  one  another  as  the 
rectangles  contained  by  the  segments  of  the 
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book  hi*  transverse,  intercepted  between  its  vertices 
and  those  parallels;  as  was  shown  in  the  el¬ 
lipsis  (1 .  cor.  15.  2.) 

Fi^r.  n.  Cor.  2.  And  on  the  contrary  :  if  a  hyper¬ 
bola  AM,  having  Aa  for  a  transverse  diame¬ 
ter,  and  B5  for  its  second  diameter ;  and  if 
from  a  point  D  to  the  transverse  A  a  a  straight 
line  DE  be  drawn  parallel  to  the  second,  and 
meeting  the  transverse  produced  in  E;  and 
if  the  square  of  CA  be  to  the  square  of  CB, 
as  the  rectangle  AErz  to  the  square  of  EL) ; 
the  point  D  is  in  the  hyperbola.  For  since 
DE  is  parallel  to  BC,  and  consequently  to 
HK,  which  touches  the  hyperbola  in  the  ver¬ 
tex  of  the  transverse  diameter  ;  DE  will  ne¬ 
cessarily  meet  the  asymptotes  (3.  cor.  18.  3.), 
and  of  consequence  the  hyperbola,  because 
the  point  E  is  in  A  a  produced  :  if,  then,  it 
does  not  meet  the  hyperbola  in  D,  let  it,  if 
possible,  meet  it  in  another  point  <r/,  on  the 
same  side  of  Aa  with  the  point  D  ;  therefore 
the  rectangle  AEa  is  to  the  square  of 7/E,  a* 
the  square  of  CA  to  the  square  of  CB,  that 
is,  by  hypothesis,  as  the  rectangle  AEtf  to  the 
square  of  DE  ;  therefore  ^/E,  DE  arc  equal ; 
which  is  absurd.  Therefore  DE  meets  not 
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the  hyperbola  in  cl,  nor,  as  is  evident,  in  any  bookiii 
point  but  D. 

Cor.  3.  Substitute  the  word  hyperbola  in 
place  of  ellipsis ,  and  the  third  corollary  of 
prop.  15.  B.  2.  becomes  also  a  corollary  from 
this  proposition. 

PROP.  XXIX.  Theor. 

i  f  from  a  point  of  a  hyperbola  to  a  second 
diameter,  a  straight  line  be  drawn  pa¬ 
rallel  to  its  transverse  diameter  ;  the 
square  of  the  second  diameter  is  to  the 
square  of  its  transverse,  as  the  sum  of 
the  squares  of  half  the  second  diameter, 
and  the  segment  between  the  centre  and 
the  parallel,  is  to  the  square  of  the  pa¬ 
rallel. 

From  D,  a  point  of  the  hyperbola,  to  the  Fig.  i: 
second  diameter  Bb,  draw  DL  parallel  to  its  n’  l° 
transverse  diameter  Aa  ;  the  square  of  Bb  is 
to  the  square  of  Aa,  as  the  sum  of  the  squares 
ofCB,  CL  is  to  the  square  of  DL. 

N  3 
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book  hi.  Through  the  point  D  draw  DE  parallel  to 
BC  ;  and  since,  by  the  preceding  proposition, 
the  square  of  CA  is  to  the  square  of  CB,  as 
the  rectangle  AE a  to  the  square  of  ED ; 
therefore,  inversely,  and  by  prop.  12.  5.  E- 
lem.  the  square  of  CB  is  to  the  square  of  CA, 
as  the  sum  of  the  squares  of  CB,  ED  to  the 
square  of  CA,  together  with  the  rectangle 
AE  a,  that  is,  as  the  sum  of  the  squares  of 
CB,  CL  to  the  square  of  EC  or  DL. 

Cor.  1.  If  from  two  points  of  a  hyperbola, 
or  of  opposite  hyperbolas,  to  a  second  diame 
ter,  two  straight  lines  be  drawn  parallel  to  its 
transverse  diameter  ;  the  square  of  the  one 
parallel  is  to  the  square  of  the  other,  as  the 
sum  of  the  squares  of  half  the  second  diame¬ 
ter  and  the  distance  between  the  first  parallel 
and  the  centre,  to  the  sum  of  the  squares  of 
half  the  same  second  diameter,  and  the  dis¬ 
tance  between  the  other  parallel  and  the 
centre. 

Cor.  2.  And  on  the  contrary :  if  from  a 
point  D  to  a  second  diameter  BC  of  a  hyper¬ 
bola,  a  straight  line  DL  be  drawn  parallel  to 
its  transverse  CA  ;  and  if  the  square  of  B£ 
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have  the  same  ratio  to  the  square  of  Aa9  that  bookiii. 
the  sum  of  the  squares  of  CB,  CL  have  to  the  ^ 
square  of  DL  ;  the  point  D  is  in  the  hyper¬ 
bola.  For  since  the  straight  line  DL  is  pa¬ 
rallel  to  the  transverse  diameter  AC,  which 
falls  between  the  asymptotes,  it  necessarily 
meets  them  opposite  to  the  angle  adjacent  to 
that  containing  the  hyperbola,  and,  of  conse¬ 
quence,  DL  meets  both  the  hyperbolas  (20. 

3.)  :  and,  in  the  same  manner,  as  in  cor.  2.  7. 
it  may  be  proved,  that  it  meets  the  hyperbola 
in  D. 

Cor.  3.  The  third  corollary  of  the  prece¬ 
ding  prop,  mutatis  mutandis ,  is  likewise  a  en¬ 
roll  arv  here. 

•/ 

PROP.  XXX.  Theor. 

Any  straight  line  terminated  both  ways 
by  the  hyperbola,  or  opposite  hyperbo¬ 
las,  and  parallel  either  to  a  transverse, 
or  its  second  diameter,  is  bisected  by  the 
other  ;  or,  what  is  the  same  thing,  a 
transverse  diameter,  and  its  second,  are 

conjugate  diameters. 

N  4 
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book  hi.  Cor.  It  is  evident,  that  two  diameters 
cannot  be  conjugated  to  the  same  diameter, 
whether  it  be  a  transverse  or  a  second  dia¬ 
meter. 


PROP.  XXXI.  Theor. 

Any  straight  line  terminated  both  ways 
by  a  hyperbola,  and  bisected  either  by 
a  transverse,  or  its  second  diameter,  is 
parallel  to  the  other :  and  therefore 
straight  lines  ordinately  applied  to  ei- 
th  er  of  these  diameters  are  parallel  to 
each  other. 

Cor.  1.  Plence,  straight  lines  parallel  either 
to  a  transverse,  or  its  second  diameter,  and 
which  cut  off  equal  segments  of  the  other, 
between  the  points  where  they  meet  it  and 
the  centre,  are  equal.  And  equal  straight 
lines  if  parallel  to  either  diameter,  cut  off  e- 
qual  segments  of  the  other  diameter  between 
the  centre  and  the  points  where  they  moot  it. 

These  two  propositions,  and  this  first  co¬ 
rollary,  are  demonstrated  from  the  2Sth  and 
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29th  propositions,  in  the  same  manner  inBOOKin. 
which  the  9th  and  10th  propositions  were 
demonstrated  from  the  7th  and  8th. 

Cor.  2.  If  several  parallels  are  terminated 
both  ways  by  a  hyperbola,  or  hyperbolas,  the 
diameter  which  bisects  the  one  bisects  the 
rest  of  them.  For  that  parallel  which  is  bi¬ 
sected,  is  parallel  to  the  conjugate  diameter 
of  that  which  bisects  it;  the  rest,  therefore, 
are  parallel  to  the  same  conjugate  diameter, 
and  consequently  are  bisected  by  the  other 
diameter  (30,  3.). 

Cor.  3.  On  the  contrary  :  a  straight  line 
which  bisects  two  parallels  terminated  both 
ways  by  a  hyperbola,  or  opposite  hyperbolas, 
is  a  diameter.  For  if  not,  draw  a  diameter 
bisecting  one  of  the  parallels  ;  this  diameter 
will  bisect  the  other ;  but,  by  hypothesis, 
there  is  also  another  straight  line  which  bisects 
both  ;  which  is  absurd. 

Cor.  4.  If  a  straight  line  touch  a  hyper¬ 
bola,  that  straight  line  drawn  through  the 
point  of  contact,  which  bisects  any  straight 
line  parallel  to  the  tangent,  and  terminated 
both  ways  by  the  hyperbola,  is  a  diameter. 

For  a  parallel  to  the  tangent  is  (11.  def.  3.) 
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book  nr.  parallel  to  the  conjugate  diameter  to  that 
which  passes  through  the  point  of  contact : 
now,  if  the  straight  line  drawn  through  the 
point  of  contact,  and  which  bisects  the  paral¬ 
lel  to  the  tangent  be  not  a  diameter,  draw  a 
diameter  through  the  point  of  contact;  and 
th  is  diameter  will  also  (30.  3.)  bisect  the  pa¬ 
rallel  to  the  tangent,  or  to  the  conjugate  dia¬ 
meter  :  which  is  absurd. 

Con.  5.  Two  straight  lines  terminated  both 
ways  by  a  hyperbola,  or  by  opposite  hyper¬ 
bolas,  and  not  passing  through  the  centre,  do 
not  bisect  each  other.  For  if  they  are  both 
terminated  by  the  same  hyperbola,  or  by  op¬ 
posite  hyperbolas,  draw  a  diameter  through 
the  point  where  they  intersect  each  other  ; 
and  then  by  the  proposition,  they  will  be 
both  parallel  to  the  conjugate  to  this  diame¬ 
ter ;  which  is  absurd.  If  indeed  one  of  them 
be  terminated  by  the  hyperbola,  and  the  other 
drawn  between  the  opposite  hyperbolas,  it  is 
evident  that  they  cannot  bisect  each  other. 
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BOOK  III. 

PROP.  XXXII.  Theor.  y  ' 

A  straight  line  drawn  through  the  vertex 
of  a  transverse  diameter,  and  which  is 
parallel  to  a  straight  line  ordinately  ap¬ 
plied  to  that  diameter,  touches  the  hy¬ 
perbola  ;  and  if  it  touch  the  hyperbola, 
it  is  parallel  to  straight  lines  ordinately 
applied  to  the  transverse  diameter  drawn 
through  the  point  of  contact. 

Let  there  be  a  hyperbola,  the  asymptotes  Fig.  17. 

n.  1. 

of  which  are  CF,  CG  ;  let  A  a  be  a  transverse 
diameter,  and  through  the  vertex  A  draw 
II A K  parallel  to  DM  ordinately  applied  to 
Aa  ;  the  straight  line  II K  touches  the  hyper¬ 
bola. 

For  the  straight  line  DM  ordinately  applied 
to  the  transverse  diameter  A  a  is  (31.  3.)  pa¬ 
rallel  to  its  second,  or  conjugate  diameter; 
therefore  HAK  drawn  through  the  vertex  A 
of  A <7,  is  parallel  to  the  same  conjugate,  or 
second  diameter;  and  therefore  it  touches  the 
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book  iii.  hyperbola  (11.  def.  3.).  And,  conversely  :  if 
HK  touch  the  hyperbola,  it  is  parallel  to  the 
second  diameter  (11.  def.  3.)  of  CA  :  but  the 
ordinate  DM  is  parallel  to  the  same  (31.  3.) ; 
therefore  IIK,  DM  are  parallel  to  each  other. 

PROP.  XXXIII.  Theor. 

If  a  straight  line  that  touches  a  hyperbola 
meet  a  diameter,  and  if  there  be  drawn 
from  the  point  of  contact  a  straight  line 
ordinately  applied  to  that  diameter  ;  the 
semidiameter  is  a  mean  proportional  be¬ 
tween  its  segments  intercepted,  the  one 
between  the  centre  and  the  ordinate,  and 
the  other  between  the  centre  and  the 
tangent. 

Case  1.  When  the  tangent  meets  a  trans¬ 
verse  diameter. 

Fig.  is.  Let  there  be  a  hyperbola,  its  asymptotes 
AG,  AH,  and  let  the  straight  line  KCH 
touch  the  hyperbola  in  the  point  C,  and  meet 
a  transverse  diameter  BAO  in  E;  and  draw 
CD  from  the  point  of  contact  C,  so  as  to  be 
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ordinately  applied  to  BAO ;  then  AD,  AB,  book  in. 
AE  are  proportionals. 

Through  the  vertex  B  let  GBF  be  drawn 
parallel  to  CD,  and  let  it  meet  the  tangent 
drawn  through  C  in  the  point  N,  and  let  BM 
drawn  parallel  to  II C  meet  AG  in  M ;  and 
let  DC  meet  AH  in  L,  and  join  KF,  GH. 

Then,  because  GBF,  drawn  through  the  ver¬ 
tex  of  the  diameter,  is  parallel  to  the  ordinate 
DC,  it  (32.  3.)  touches  the  hyperbola :  and 
since  the  tangents  HK,  GF  are  cut  propor¬ 
tionally  in  the  points  C,  B,  and  N  (cor.  26. 

3.)  ;  therefore  CN  is  to  NH,  as  BN  to  NG  ; 
and  because  of  the  parallels,  LF  is  to  FIX,  as 
MK  to  KG;  and  since  KF,  GHare  (26.  3.) 
parallel,  I  II  is  to  FA,  as  KG  to  KA ;  there¬ 
fore,  ex  cequo ,  LF'  is  to  FA,  as  MK  to  KA  ; 
and,  by  composition,  LA  is  to  FA,  as  MA 
to  KA  ;  therefore  (because  of  the  parallels) 

DA  is  to  BA,  as  BA  to  FA. 

Case  2.  When  the  tangent  meets  a  second 
diameter. 

Let  the  straight  line  CE  touch  the  hyper-  Fig.  19. 
bola,  and  meet  the  second  diameter  AB  in 
E,  and  also  its  transverse,  or  conjugate  dia¬ 
meter  KAF  in  G,  and  CD,  Cl  I  being  drawn 
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book  iii.  from  the  point  of  contact  C,  so  as  to  be  or- 
dinately  applied  to  the  conjugate  diameters; 
then  AD,  AB,  AE  are  proportionals. 

For  by  the  preceding  case,  AH,  AF,  AG 
are  proportionals ;  therefore  the  square  of 
AH  is  to  the  square  of  AF  (2.  cor.  20.  6.  E- 
lem.)  as  AH  is  to  AG  ;  and,  by  division, 
(and  5.  2.  Elem.)  the  rectangle  KHF  is  to 
the  square  of  AF,  as  HG  to  GA :  but  since 
CEI  is  ordinately  applied  to  AF,  the  rectan¬ 
gle  KHF  is  to  the  square  of  AF,  as  the  square 
ofCH,  or  AD  to  the  square  of  AB;  there¬ 
fore  (ex  aequali)  the  square  of  AD  is  to  the 
square  of  AB,  as  HG  to  GA,  that  is,  as  CH, 
or  AD  to  AE ;  and  therefore  (conv.  2.  cor. 
20.  6.  Elem.)  AD,  AB,  AE  are  proportionals. 

Fig.  is.  Cor.  1.  Since  in  the  first  case,  where  the 
tangent  and  ordinate  meet  the  transverse  dia¬ 
meter,  AD,  AB,  AE  are  proportionals ;  DO 
is  to  DB,  as  EO  to  EB,  that  is,  the  segments 
(of  the  diameter)  between  its  vertices  and  the 
ordinate  are  to  each  other  as  the  segments  of 
the  same  between  the  tangent  and  the  same 
vertices.  The  demonstration  is  similar  to  that 
given  in  the  second  part  of  prop.  17-  B.  2. 
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Cor.  2.  In  the  second  case,  when  the  ordi-  BOOKiir. 
nate  drawn  from  the  point  of  contact  passes 
through  the  extremity  of  the  second  diame¬ 
ter,  the  tangent  passes  through  the  other  ex¬ 
tremity  of  the  same  diameter.  For  since  the 
distance  between  the  ordinate  and  the  centre 
is  equal  to  the  half  of  the  second  diameter, 
therefore  the  distance  between  the  tangent 
and  the  centre  must  be  equal  to  the  same 
semidiameter. 

PROP.  XXXIV.  Theor. 

Tf  from  a  point  C  in  a  hyperbola  a  straight 
line  CD  be  ordinately  applied  to  the 
diameter  AB,  and  a  straight  line  CE 
be  drawn  from  the  same  point  ;  if  the 
semidiameter  be  a  mean  proportional 
between  the  abscissas  of  AB,  which  are 
cut  off  towards  the  centre  by  these 
straight  lines ;  the  straight  line  CE 
touches  the  hyperbola. 

For  if  CE  does  not  touch  the  hyperbola 
let  CP  touch  it ;  therefore,  by  the  preceding 
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book  hi.  proposition,  AD,  AB,  AP  are  proportionals ; 
but  by  the  hypothesis,  AD,  AB,  AE  are  pro¬ 
portionals  ;  which  is  absurd :  CE,  therefore, 
touches  the  hyperbola. 

PROP.  XXXV.  Theor. 

If  a  straight  line  touching  a  hyperbola 
meet  a  transverse  diameter,  there  be¬ 
ing  drawn  from  the  point  of  contact  a 
straight  line  ordinately  applied  to  the 
same  diameter  ;  the  rectangle  contained 
by  the  segments  of  the  diameter  inter¬ 
cepted  between  the  ordinate  and  the 
centre,  and  between  the  ordinate  and 
the  tangent,  is  equal  to  the  rectangle 
contained  by  the  segments  between  the 
ordinate  and  the  vertices  of  the  diame¬ 
ter  :  and  the  rectangle  contained  by  the 
segments  between  the  tangent  and  the 
centre,  and  between  the  tangent  and  the 
ordinate,  is  equal  to  the  rectangle  con¬ 
tained  by  the  segments  between  the 
tangent  and  the  vertices  of  the  diame- 
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ter.  But  if  the  tangent  meet  a  second  bookiii. 
diameter,  there  being  drawn  from  the 
point  of  contact  a  straight  line  ordi- 
nately  applied  to  that  second  diameter  ; 
the  rectangle  contained  by  the  segments 
between  the  ordinate  and  the  centre,  and 
between  the  ordinate  and  the  tangent, 
is  equal  to  the  sum  of  the  squares  of 
the  semidiameter  and  of  the  segment 
between  the  ordinate  and  the  centre  : 
and  the  rectangle  contained  by  the 
segments  between  the  tangent  and  the 
centre,  and  between  the  tangent  and 

O 

the  ordinate,  is  equal  to  the  sum  of 
the  squares  of  the  semidiameter  and  of 
the  segments  between  the  tangent  and 
the  centre. 

Case  1.  Let  the  straight  line  which  touches  rig-  is. 
the  hyperbola  in  C,  meet  the  transverse  diame¬ 
ter  BAO  in  the  point  E,  and  let  an  ordinate 
drawn  through  the  point  of  contact  to  the 
same  diameter  meet  it  in  D  ;  then  the  rec- 
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book  iii.  tangle  ADE  is  equal  to  the  rectangle  BDO, 
and  the  rectangle  AED  to  BEO. 

For  since  AD,  AB,  AE  are  proportionals, 
the  rectangle  DAE  is  equal  to  the  square  of 
AB  ;  and  these  equals  being  taken  from  the 
square  of  AD,  the  remaining  rectangle  ADE 
is  equal  to  the  remaining  rectangle  BDO  (2. 
and  6.  2.  Elem.).  Next,  from  the  same  equals, 
viz.  the  rectangle  DAE  and  the  square  of 
AB,  take  away  the  common  square  (3.  and  5. 
2.  Elem.)  of  AE,  and  the  remaining  rectangle 
AED  is  equal  to  the  remaining  rectangle 
BEO. 

lls*  ls-  Case  2.  Let  the  tangent  and  ordinate  drawn 
to  the  point  C,  meet  the  second  diameter  in 
the  points  E,  D  :  then  because  the  rectangle 
EAD  is  equal  to  the  square  of  AB,  add  to 
each  of  these  equals  the  square  of  AD,  and 
the  rectangle  ADE  will  be  equal  to  (3.  2. 
Elem.)  the  sum  of  the  squares  of  AB,  AD. 
Next,  if  to  the  same  equals,  to  wit,  the  rec¬ 
tangle  EAD  and  the  square  of  AI3,  the  square 
of  AE  be  added  ;  the  rectangle  AED  will  be 
equal  to  the  sum  of  the  squares  of  AB,  AE. 
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hook  nr. 

PROP.  XXXVI.  Theor.  '  ' 

i  if  a  straight  line  touch  a  hyperbola,  it  bi¬ 
sects  the  angle  contained  by  the  straight 
lines  drawn  from  the  foci  to  the  point 
of  contact.  And,  on  the  contrary  :  if  a 
straight  line  bisect  the  angle  contained 

o  o 

by  two  straight  lines  drawn  from  a 
point  of  a  hyperbola  to  the  foci,  it 
touches  the  hyperbola. 

Let  there  be  a  hyperbola,  its  transverse  Fig.  20. 
axis  AB,  and  the  centre  the  point  C,  and  let 
a  straight  line  DE  touch  it,  and  meet  the 
transverse  axis  in  E,  draw  the  straight  lines 
UF,  I)G  from  the  point  of  contact  I)  to  the 
foci ;  the  angles  FDE,  GDE  are  equal. 

From  the  point  Ddraw  DH  perpendicular 
to  the  axis,  and  from  the  point  A,  which  is 
the  nearer  to  D  of  its  vertices,  place,  in  the 
axis  produced,  a  straight  line  AK  equal  to 
I)F,  and  KB  will  (1.  3.)  be  equal  to  DG  ; 
and,  by  the  fifth  proposition  of  this  book,  CK 

o  2 
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book  hi.  is  to  CH,  as  CF  to  CA ;  but  as  CH  to  CA, 
'~~'i  so  (33.  3.)  is  CA  to  CE  ;  therefore,  ex  cequali , 
as  CK  to  CA,  so  is  CF  to  CE,  and  by  con- 
version,  as  CK  is  to  KA,  so  is  CF  to  FE  ; 
and  by  doubling  the  antecedents,  twice  CK 
is  to  KA,  as  FG  to  FE  :  therefore,  by  divi¬ 
sion,  BK  is  to  KA,  as  GE  to  FE;  and  BK, 
KA  are  equal  to  DG,  DF  ;  therefore  as  DG 
to  DF,  so  is  GE  to  EF ;  and  therefore  (3.  6. 
Elem.)  the  straight  line  DE  bisects  the  angle 
FDG. 

If,  on  the  contrary,  a  straight  line  DE 
bisects  the  angle  FDG,  it  touches  the  hyper¬ 
bola:  for  if  not,  let  another  straight  line 
touch  the  hyperbola  in  the  point  D ;  this 
other  straight  line  will  bisect  the  angle  FDG, 
which,  by  the  hypothesis,  is  bisected  by  DE  ; 
which  is  absurd.  The  demonstration  here 
might  have  been  similar  to  the  second  do- 
monstration  in  prop.  11.  B.  2. 

PROP.  XXXVII.  Prob. 

ri£-  21  Two  straight  lines  AB,  CD  which  bisect 
each  other  at  right  angles  in  the  point 
E,  being  given  in  position  and  magni¬ 
tude  ;  to  describe  the  opposite  hyper- 
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bolas  of  which  they  may  be  the  axes,  book  hi. 
and  so  that  either  of  them,  as  AB,  may 
be  the  transverse  axis. 

Join  AC,  and  from  the  point  E  place  in 
AB  produced  two  straight  lines  EF,  EG, 
each  of  them  equal  to  AC  ;  then,  by  means 
of  a  string  and  of  a  ruler,  the  length  of  which 
exceeds  that  of  the  string  by  a  difference  e- 
qual  to  AB,  describe  with  the  foci  F,  G  twro 
opposite  hyperbolas  ;  these  will  passthrough 
the  points  A,  B,  and  CD  wdllbe  their  second 
axis. 

For  if  the  hyperbola  passes  not  through  A, 

Jet  it  pass,  if  possible,  through  II ;  the  excess, 
therefore,  of  HG  above  HF  is  equal  to  the 
excess  of  the  length  of  the  ruler  above  that 
of  the  string,  that  is,  by  construction,  to  the 
straight  line  AB :  but  since  BG  is  equal  to 
AF,  the  excess  of  AG  above  AF  is  equal  to 
the  same  AB ;  which  is  absurd:  the  hyper¬ 
bola,  therefore,  passes  through  A  :  and  in 
like  manner,  it  may  be  shown,  that  it  passes 
through  B.  Again,  C,  Dare  the  extremities 
of  the  second  axis  :  for  if  C  be  not  one  of  its 
extremities,  let  the  point  K,  on  the  same  side 
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book  in.  of  the  centre  on  which  C  is,  be  one  of  them  ; 
therefore  KA  being  joined  will  be  equal  (6. 
def.  3.)  to  EF  ;  and,  by  Construction,  CA  is 
equal  to  the  same  EF  ;  therefore  K  A  is  equal 
to  CA  :  which  is  absurd. 


DEF.  XIII. 


rig.  22.  If  upon  two  straight  lines  Aa,  IM> ,  which 
bisect  each  other  at  right  angles,  two  oppo¬ 
site  hyperbolas  AG,  ag  be  described,  and 
upon  the  same  straight  lines  other  two  oppo¬ 
site  hyperbolas  BK,  bk  be  described,  so  that 
B&,  the  transverse  axis  of  the  latter  hyperbo¬ 
las,  may  be  the  second  axis  of  the  former,  and 
that  Art,  the  second  axis  of  the  latter,  may  be 
the  transverse  axis  of  the  former  ;  these  four 
are  called  conjugate  hyperbolas . 


PROP.  XXXVIII.  Theor. 

The  conjugate  hyperbolas  have  common 
asymptotes. 

Fig.  Let  there  be  conjugate  hyperbolas,  the 

axes  of  which  are  Art,  B£,  and  let  the  straight 
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imes  CD,  CE  be  the  asymptotes  of  two  op-  bookiii. 
posite  hyperbolas,  the  transverse  axis  of  which  w'v 
is  A  a  ;  tiie  same  straight  lines  are  the  asymp¬ 
totes  of  the  two  other  opposite  hyperbolas, 
t he  transverse  axis  of  which  is  ID. 

Through  the  vertex  A  draw  DAE  parallel 
to  BC,  and  join  DB,  and  produce  it  to  F ; 
therefore  by  the  tenth  definition  of  this  book, 

BC  is  equal  and  parallel  to  AD  or  AE;  BD 
is  therefore  equal  and  parallel  to  CA  :  and 
because  the  triangles  FBC,  CAE  are  equal 
and  equiangular,  BF  is  equal  to  CA,  that  is, 
to  BD  j  therefore  CD,  CF  are  (10.  def.)  a- 
symptotes  of  the  hyperbola,  the  transverse 
axis  of  which  is  B 5,  and  the  second  axis  Aa . 


PROP.  XXXIX.  Theoh. 

If  from  a  point  G  in  one  of  the  conju-  Fig.  22. 
gate  hyperbolas,  a  straight  line  GH  be 
drawn  parallel  to  FC,  one  of  the  asymp- 

It 

totes,  and  meeting  the  other  in  II  ;  and 
from  the  point  K  in  the  adjacent  hy¬ 
perbola,  a  straight  line  KL  be  drawn 
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parallel  to  either  asymptote,  and  meet¬ 
ing  the  remaining:  one  in  L  :  the  rec- 
tangles  GHC,  KLC  contained  by  the 
parallels,  and  the  abscissas  of  the  a- 
symptotes  between  the  parallels  and  the 
centre,  are  equal.  On  the  contrary  :  if 
the  point  G  be  in  one  of  the  conjugate 
hyperbolas,  and  the  point  K  within  the 
angle  contained  by  the  asymptotes  of 
of  the  adjacent  hyperbola,  the  rectangle 
KLC  being  at  the  same  time  equal  to 
the  rectangle  GIIC  ;  the  point  K  is  in 
the  adjacent  hyperbola. 

Let  A <7,  be  the  axes  of  conjugate  hy¬ 

perbolas ;  join  AB,  and  let  it  meet  the  a- 
symptote  CD  in  M,  and  draw  AD  parallel  to 
CB:  then,  since  BC,  AD  are  equal  and  pa¬ 
rallel,  the  triangles  CBM,  ADM  arc  similar 
and  equal;  and  consequently  AM,  MB  are 
equal :  the  rectangles  AMC,  BMC  are  there¬ 
fore  equal,  and  AB  is  parallel  to  the  (2.  cor. 
def.  10.  3.)  asymptote  EC;  the  ret  ore  the 
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rectangles  GHC,  KLC  are  equal  to  the 
rectangles  AMC,  BMC  (1.  cor.  16.  3.); 
and  consequently  they  are  equal  to  each 
other. 

On  the  contrary  :  if  G  be  a  point  in  one 
of  the  conjugate  hyperbolas,  and  the  point  K 
be  within  the  angle  DCF,  and  the  rectangle 
KLC  equal  to  the  rectangle  GHC,  the  con¬ 
struction  in  other  respects  still  remaining ; 
the  point  K  is  in  the  adjacent  hyperbola  :  for 
since  the  rectangle  KLC  is  equal  to  GHC, 
that  is,  to  AMC,  that  is,  to  BMC,  and  that 
B  is  in  the  adjacent  hyperbola  :  the  point  K 
is  (4.  cor.  18.  3.)  in  the  same  hyperbola. 

Con.  1.  If  a  straight  line  DE,  intercepted 
between  a  hyperbola  and  one  of  the  adjacent 
hyperbolas,  is  bisected  by  one  of  the  asymp¬ 
totes,  it  is  parallel  to  the  other:  for  let  DE 
meet  the  asymptote  CG  in  L,  and  to  the  other 
asymptote  draw  DH,  EK  parallel  to  CG  ; 
then,  since  DL,  LE  are  equal,  and  that  DH, 
LC,  EK  are  parallel,  HC,  CK  are  equal; 
and  by  the  proposition,  the  rectangles  DHC, 
EKC  are  equal  ;  I)H,  EK  are  therefore  e- 
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qual,  and  they  are  parallel ;  therefore  DE, 
K1I  are  parallel. 

Cor.  2.  And  if  DE  be  parallel  to  the  a- 
symptote  KH  ;  DL,  LE  arc  equal :  for  by 
the  proposition,  the  rectangles  DLC,  EEC 
are  equal. 

Cor.  3.  Lastly,  if  DE  be  parallel  to  the 
asymptote  I1K,  and  DL,  LE  being  equal, 
and  the  point  D  be  in  one  of  the  hyperbolas ; 
the  point  E  is  in  the  adjacent  hyperbola  : 
for  since  DL,  LE  are  equal,  the  rectangles 
DLC,  ELC  are  equal ;  therefore,  by  the  pro¬ 
position,  E  is  in  the  adjacent  hyperbola  BE. 

PROP.  XL.  (Prop.  20.  B.  2.  Apoll ) 

If  a  straight  line  touch  one  of  four  con- 
jugate  hyperbolas,  and  through  their 
centre  two  straight  lines  be  drawn,  the 
one  meeting  the  hyperbola  in  the  point 
of  contact,  and  the  other  parallel  to  the 
tangent,  and  meeting  one  of  the  adja¬ 
cent  hyperbolas  ;  this  other  straight 
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line  drawn  parallel  to  the  tangent,  is  booiuii. 
the  half  of  the  second  diameter  conju¬ 
gate  to  the  transverse  diameter  drawn 
through  the  point  of  contact.  And  on 
the  contrary  :  if  half  a  second  diameter 
be  drawn  conjugate  to  the  transverse 
diameter  passing  through  the  point  of 
contact,  its  extremity  is  in  the  adjacent 
hyperbola. 

Let  there  be  conjugate  hyperbolas,  the  a-  Fig#  23s 
symptotes  of  which  are  CG,  CF,  and  let  MF 
touch  one  of  the  hyperbolas  in  D  ;  join  CD, 
and  draw  CE  parallel  to  MF,  and  meeting 
the  hyperbola  adjacent  to  that  in  which  D  is, 
in  the  point  E  ;  then  is  CE  half  the  second 
diameter  conjugate  to  CD. 

Through  the  points  D,  E  draw  the  straight 
lines  DII,  EK  parallel  to  the  asymptote  CG, 
and  meeting  the  other  asymptote  in  H,  K: 
then,  since  the  straight  line  MF  touches  the 
hyperbola  in  D,  MD,  DF  are  equal ;  there¬ 
fore  CII,  HF  are  equal ;  therefore  the  rec¬ 
tangle  DHF  is  ecjual  to  the  rectangle  DIIC, 


220 


CONIC  SECTIONS. 


book  hi.  that  is,  by  the  preceding  proposition,  to  the 
rectangle  EKC  :  and  because  the  triangles 
EKC,  DEXF  are  equiangular,  EK  is  to  DH, 
as  KC  to  HE;  therefore  (22.  6.  Elem.)  the 
square  of  EK  is  to  the  square  of  DII,  as 
the  rectangle  EKC  to  the  rectangle  DUE: 
but  the  rectangles  EKC,  DUE,  as  has  b£eu 
proved,  are  equal ;  therefore  the  squares  of 
InK,  DH  are  equal ;  and  therefore  EK,  DH 
are  likewise  equal ;  consequently  EC,  DE 
are  (26.  1.  Elem.)  equal,  and  they  are  paral¬ 
lel  ;  therefore  CE  is  half  (11.  clef.  3.)  the  se¬ 
cond  diameter  conjugate  to  CD. 

On  the  contrary  :  the  same  construction 
remaining,  if  CE  be  half  the  second  diameter 
Fig.  23.  conjugate  to  CD,  its  extremity  E  is  in  the 
hyperbola  adjacent  to  that  where  the  point 
D  is  :  for  CE  is  equal  and  (11.  def.  3.)  paral¬ 
lel  to  0 F,  and  EK  is  parallel  to  DH  ;  there¬ 
fore  the  triangles  EKC,  DHF  are  (26.  1. 
Elem.)  equal  ;  consequently  KC  is  equal  to 
HE,  or  HC,  and  EK  to  DII :  and  for  this 
reason,  the  rectangle  EKC  is  equal  to  the 
rectangle  DHC,  and  the  point  D  is  in  the 
hyperbola,  and  the  point  E  is  within  the  an¬ 
cle  adjacent  to  that  containing  this  Inner- 
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boia  ;  therefore  the  point  E  is  in  the  adjacent  book  in, 
hyperbola  (by  part  2.  of  the  preceding).  w' 

Cor.  1.  If  CD  be  half  a  transverse  diameter, 
and  CE  half  the  second  diameter  conjugate 
to  CD  in  the  hyperbola  AD  ;  on  the  contrary, 

CE  is  a  transverse,  and  CD  a  second  diame¬ 
ter  conjugate  to  CE  in  the  adjacent  hyper¬ 
bola  BE. 

Join  DE  and  ME,  and  let  ME  meet  the 
other  asymptote  CF  in  P  :  then,  since  DE  is 
:'2.  cor.  def.  11.  3.)  parallel  to  CF,  and  that  MF 
is  bisected  in  D,  therefore  MP  is  bisected  in 
E,  and  the  point  E  is  in  the  adjacent  hyper¬ 
bola  ;  therefore  MP  touches  that  hyperbola  : 
and  CD  is  equal  and  parallel  to  ME  ;  for 
CE,  MD  are  equal  and  parallel ;  therefore 
CD  is  the  second  diameter  conjugate  to  the 
transverse  diameter  CE  in  the  (11.  def.)  hy¬ 
perbola  BE. 

Cor.  2.  The  same  construction  still  re¬ 
maining,  the  straight  line  which  joins  the 
centre  C,  and  the  point  of  concourse  M  of 
the  tangents  DM,  EM,  drawn  through  the 
vertices  of  the  conjugate  diameters,  is  an  a- 
symptote :  for  if  CM  be  not  an  asymptote. 
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.let  CQ,  meeting  DM  in  Q,  be  one;  CE, 
therefore,  is  equal  to  DQ :  but  the  same  CE 
is  equal  to  DM  ;  because  DMEC  is  a  (11. 
clef.)  parallelogram  ;  DQ  and  DM  are  there¬ 
fore  equal  :  which  is  absurd. 

PROP.  XLI.  Theoh. 

If  from  the  extremity  of  a  second  diame¬ 
ter  of  a  hyperbola,  a  straight  line  be 
drawn  parallel  to  any  transverse  diame¬ 
ter,  and  meeting  the  second  diameter 
conjugate  to  this  transverse  ;  the  square 
of  the  parallel,  is  to  the  rectangle  con¬ 
tained  by  the  segments  of  the  second 
diameter  intercepted  between  the  paral¬ 
lel  and  its  vertices,  as  the  square  of  the 
transverse  is  to  the  square  of  the  second 
diameter  conjugate  to  it  :  and  if  from 
the  extremity  of  a  second  diameter  a 
straight  line  be  drawn  parallel  to  any 
other  second  diameter,  and  meeting  the 

7  O 

transverse  diameter  conjugate  to  this 
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other  second  diameter;  the  square  of  book  nr. 
the  parallel,  is  to  the  sum  of  the  squares 
of  half  the  transverse  diameter  and  its 
Segment  intercepted  between  the  centre 
and  the  parallel,  as  the  square  of  that 
other  second  diameter,  is  to  the  square 
of  the  transverse  conjugate  to  it. 

In  the  first  case  let  there  he  a  hyperbola,  Fig.  sl 
the  transverse  diameter  of  which  is  DCY/,  and 
let  KC/r  be  the  second  diameter  conjngateto 
DCr/,  and  let  CB  be  anv  other  second  diame- 
ter,  and  from  its  extremity  Bdraw  a  straight 
line  parallel  to  the  transverse  CD,  and  meet¬ 
ing  in  L  the  second  diameter  conjugate  to 
CD;  the  square  of  BL  is  to  the  rectangle 
KL/-,  as  the  square  of  13 d  to  the  square  of 

K/t . 

For  the  points  B,  K,  k,  which  are  the  ex¬ 
tremities  or  vertices  of  the  second  diameters, 
are  in  the  adjacent  hyperbolas,  of  which  the 
transverse  diameter  K k  is  conjugate  to  the 
second  (1.  cor.  40.  3.)  I )(l  ;  therefore  the 
square  of  BL  is  to  the  rectangle  KL k  as  the 
square  of  J )d  to  tLe  square  of  K/  (28.  3.). 
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The  second  case  is  demonstrated  in  the 
very  same  manner  from  the  29th  prop,  of  this 
book. 

Cor.  Hence,  if  from  any  point  A  of  a  hy¬ 
perbola  AD,  a  straight  line  AM  be  drawn 
ordinately  applied  to  the  right  diameter  KA, 
and  from  B,  an  extremity  of  any  second  dia¬ 
meter  CB  to  the  same  K/r,  a  straight  line 
BL  be  drawn  parallel  to  AM  ;  the  square  of 
BL  is  to  the  square  AM,  as  the  rectangle 
KL/t  is  to  the  sum  of  the  squares  of  the  se¬ 
midiameter  KC  and  the  segment  CM  between 
the  centre  and  the  ordinate.  This  is  evident 
from  the  proposition,  and  from  the  29th  of 
this  book. 

But  if  from  any  point  A  of  a  hyperbola 
AD,  a  straight  line  AE  be  drawn  ordinately 
applied  to  the  transverse  diameter  D^,  and 
from  the  extremity  B  of  the  second  diameter 
to  the  same  D d,  a  straight  line  BF  be  drawn 
parallel  to  AE ;  the  square  of  BF  is  to  the 
square  of  AE,  as  the  sum  of  the  squares  of 
the  semidiameter  CD,  and  the  segment  CF, 
between  the  centre  and  BF,  is  to  the  rectan- 
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gle  DEd.  This  is  demonstrated  from  the  bookiil 
proposition,  and  from  the  28th  of  this  book. 

PROP.  XLII.  Theor. 

If  from  the  extremity  B  of  a  second  dia-  F:s-  24 
meter  CB,  a  straight  line  BF  be  drawn 
parallel  to  straight  lines  ordinately  ap¬ 
plied  to  any  diameter  D d,  and  BII  be 
drawn  parallel  to  the  diameter  CA, 
which  is  conjugate  to  CB,  and  meeting 
the  diameter  D d  in  H  ;  the  semidiame¬ 
ter  CD  is  a  mean  proportional  between 
CF  and  CII. 

For  the  extremity  B  of  the  second  diame¬ 
ter  is  in  the  adjacent  hyperbola,  and  CA  is  a 
(1.  cor.  40.  3.)  second  diameter  of  that  adja¬ 
cent  hyperbola  ;  therefore  BH  touches  the 
same  (11.  def.) ;  and  therefore  CF,  CD,  CH 
are  (33.  3.)  proportionals. 

Cor.  The  35th  proposition  is  equally  true 
when  accommodated  to  this  case. 
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PROP.  XLIII.  Theor. 

If  from  the  extremities  of  two  conjugate 
diameters  of  a  hyperbola,  straight  lines 
be  drawn  ordinately  applied  to  any  third 
transverse  diameter  ;  the  square  of  the 
segment  of  the  third  diameter,  inter- 
cepted  between  the  centre  and  the  ordi¬ 
nate  drawn  from  the  extremity  of  the 
transverse  diameter,  is  equal  to  the 
square  of  the  segment  of  the  same  third 
diameter  between  the  centre  and  the 
ordinate  drawn  from  the  extremity  of 
the  other  of  the  conjugate  diameters, 
together  with  the  square  of  half  the 
third  diameter.  Rut  the  square  of  the 
segment  of  the  third  diameter,  inter¬ 
cepted  between  the  centre  and  the  or¬ 
dinate  drawn  from  the  extremity  of  the 
second  diameter,  is  equal  to  the  rectan¬ 
gle  contained  by  the  segments  of  the 
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same  third  diameter,  between  the  ordi-  rookiil 
nate  drawn  from  the  extremity  of  the 
other  of  the  conjugate  diameters,  and 
the  vertices  of  this  third  diameter. 

Let  there  be  opposite  hyperbolas,  in  which  Fl&* 
CA  is  the  half  of  a  transverse  diameter,  and 
let  CB  be  the  second  diameter  conjugate  to 
CA,  and  let  Y)d  be  any  other  transverse  dia¬ 
meter,  and  from  the  extremities  A,  B  draw 
AE,  BE  ordinately  applied  to  D cl ;  the  square 
of  EC  is  equal  to  the  square  of  FC  together 
with  the  square  of  CD  :  and  the  square  of 
FC  is  equal  to  the  rectangle  DEd 

To  the  diameter  T)d  draw  AG  parallel  to 
BC,  and  BH  parallel  to  AC  ;  therefore,  be¬ 
cause  of  the  parallels,  the  triangles  CAG, 

HBC  are  equiangular  ;  and  since  AE,  BF 
(31.  3.)  are  parallel,  CAE,  HBF  are  also 
equiangular  ;  consequently  CE  is  to  HE,  as 
CA  to  BH,  tl  iat  is,  as  CG  to  CIL  :  and  since 
CD  is  a  mean  proportional  both  between  CE 
and  CG,  and  between  CE'  and  CII  (33.  and 
42.  3.),  CE'  is  to  CE,  as  CG  to  CH  ;  and 
therefore  CF  is  to  CE,  as  CE  to  HF ;  con¬ 
i’  2 
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.  sequently  the  square  of  CE  is  equal  to  the 
rectangle  CFH  :  but  the  rectangle  CFH  (cor 
42.  3.)  is  equal  to  the  sum  of  the  same  squares 
of  CF,  CD  :  take  the  square  of  CD  from 
each  of  these  equals,  and  there  will  remain 
the  rectangle  DE</  equal  to  the  square  of  CF. 

Cor.  Hence,  the  semidiameter  CD,  to 
which  the  ordinates  are  drawn,  is  to  the  con¬ 
jugate  semidiameter  CK,  as  the  distance  be¬ 
tween  the  one  ordinate  and  the  centre  is  to  the 
remaining  ordinate.  For  the  square  of  CD  is 
to  the  square  of  CK,  as  the  rectangle  DEr/is 
to  the  square  of  EA,  that  is,  according  to  the 
proposition,  as  the  square  of  CF  is  to  the 
square  of  E  A ;  and  therefore  CD  is  to  CK, 
as  CF  to  EA.  Again,  because  the  square  of 
CD  is  to  the  square  of  CK,  as  the  sum  of  the 
squares  of  CF,  CD  to  the  square  of  BF  (41. 
3.),  that  is,  by  the  proposition,  as  the  square 
of  CE  to  the  square  of  BF ;  therefore  CD  is 
to  CK,  as  CE  to  BF. 
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BOOK  III. 

PROP.  XLIV.  Theor.  ^ 

The  excess  of  the  squares  of  any  conju¬ 
gate  semidiameters  is  equal  to  the  ex¬ 
cess  of  the  squares  of  the  halves  of  the 
axes,  if  the  conjugate  diameters  be  un¬ 
equal.  And  if  any  one  diameter  be 
equal  to  its  conjugate,  any  other  dia¬ 
meter  is  also  equal  to  its  conjugate  ; 
and  in  this  case,  the  angle  contained  by 
the  asymptotes  is  a  right  angle. 

Let  CA,  CB  be  conjugate  semidiameters,  Fig.  u 
and  Cl),  CK  the  halves  of  the  axes,  and  from 
A,  B  draw  the  straight  lines  AE,  AM  and 
BF,  BL  ordinates  to  the  axes.  Then  the 
excess  of  the  squares  of  CA,  CB  is  equal  to 
the  excess,  by  which  the  sum  of  the  squares 
of  CE,  EA  differs  from  the  sum  of  the  squares 
of  CL,  LB  :  but,  by  the  preceding,  the  square 
of  CE  is  equal  to  the  sum  of  the  squares  of 
CE',  CD  ;  and,  by  the  same  proposition,  the 
square  of  CL  is  equal  to  the  sum  of  the  squares 
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of  CM,  CK  ;  therefore  the  excess  of  the 
squares  of  CA,  CB  is  equal  to  the  excess  by 
which  the  sum  of  the  three  squares  of  CF, 
CD,  EA  differs  from  the  sum  of  the  three 
squares  of  CM,  CK,  LB ;  and  the  squares  of 
CF,  LB  are  equal  ;  as  also  the  squares  of  E  A, 
CM  :  therefore,  if  these  equals  be  taken  away, 
the  excess  by  which  the  sum  of  the  three  first 
squares  differs  from  the  sum  of  the  other  three, 
is  equal  to  the  excess  by  which  the  square  of 
CD  differs  from  the  square  of  CK  ;  and  there¬ 
fore  the  excess  of  the  squares  of  CA,  CB  is 
equal  to  this  same  excess. 

Otherwise  :  let  AB,  AC  be  the  halves  of 
any  two  transverse  diameters  in  a  hyperbola, 
AD,  AE  the  asymptotes;  and  draw  the 
straight  lines  BD,  CE  touching  it  in  the 
points  B,  C,  and  meeting  the  asymptotes  in 
D,  E  ;  therefore,  by  the  11th  def.  and  prop. 
30.  of  this  book,  BD  is  equal  to  half  the  se¬ 
cond  diameter  conjugate  to  AB  ;  and  CE,  in 
like  manner,  is  equal  to  half  the  second  dia¬ 
meter  conjugate  to  AC  :  it  is  to  be  proved, 
that  the  excess  of  the  squares  of  AB,  BD  is 
equal  to  the  excess  of  the  squares  of  AC, 
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Through  the  points  B,  C  draw  BF,  CH  BOOK  III. 
parallel  to  the  asymptotes,  and  BG,  CK  per- 
pendicular  to  them  :  therefore  the  rectangles 
AFB,  AFIC  are  equal  (I.  cor.  16.  3.);  and, 
of  consequence,  AF  is  to  AH,  as  HC  to  FB, 
that  is,  since  the  triangles  are  equiangular,  as 
HK  to  EG;  consequently  the  rectangles 
AFG,  AHK  are  equal,  and  their  quadruples 
are  equal :  and  since,  through  the  point  of 
contact  B,  a  straight  line  BF  is  drawn  paral¬ 
lel  to  the  asymptote,  DF,  FA  are  equal ; 
consequently  DG  is  equal  to  AF,  together 
with  FG  :  and  hence  four  (8.  2.  Elem.)  times 
the  rectangle  AFG  is  equal  to  the  excess  of 
the  squares  of  DG,  GA,  that  is,  since  the 
triangles  DGB,  AGB  are  right  angled,  to 
the  excess  of  the  squares  of  DB,  BA.  It  may 
in  the  same  manner  be  shown,  that  four  times 
the  rectangle  AHK  is  equal  to  the  excess  of 
the  squares  of  EC,  CA ;  and  four  times  the 
rectangle  AFG,  as  hath  been  proved,  is  equal 
to  four  times  the  rectangle  AHK;  conse¬ 
quently  the  excess  of  the  squares  of  DB,  BA 
is  equal  to  the  excess  of  the  squares  of  EC, 

CA. 
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Bat  if  in  a  hyperbola  any  transverse  dia¬ 
meter  AB  is  equal  to  the  second  diameter 
BD  conjugate  to  it,  any  other  transverse  dia¬ 
meter  in  the  same  hyperbola  is  also  equal  to 
its  conjugate  second  diameter,  and  the  angle 
contained  by  the  asymptotes  is  a  right  angle  : 
for  since  DB,  BA,  and  DF,  FA  are  equal, 
and  BF  common,  in  the  triangles  DBF, 
ABF ;  the  angle  BFD,  and  of  consequence 
the  anede  FAD  is  a  right  angle  :  and  because 
EAD  is  a  right  angle,  the  angle  CHE  is  also 
a  right  angle ;  and  EH,  HA  are  equal,  and 
CH  common ;  therefore  EC,  CA  are  equal. 

PROP.  XLV.  Tiieor. 

If  through  the  vertices  of  two  conjugate 
diameters,  four  straight  lines  be  drawn 
touching  conjugate  hyperbolas,  the  pa¬ 
rallelogram  formed  by  them  is  equal  to 
that  formed  by  the  tangents  drawn 
through  the  vertices  of  any  other  two 
conjugate  diameters. 
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Let  All,  CD  be  conjugate  diameters,  and  book  til 
through  their  vertices  draw  tangents,  meeting 
each  other  in  K,  L,  M,  N  ;  and  let  EF,  Gli 
be  any  other  conjugate  diameters,  and  through 
the  vertices  of  these  drawn  tangents,  meet¬ 
ing  each  other  in  O,  P,  Q,  R  ;  the  figures 
KLMN,  OPQR  are  parallelograms,  and  equal 
to  each  other. 

Let  S  be  the  centre  of  the  hyperbola  ;  and 
since  both  KN,  LM,  and  KL,  MN  are  (3. 
cor.  23.  3.)  parallel,  the  figure  KLMN  is  a 
parallelogram.  For  a  like  reason,  OPQR  is 
a  parallelogram  :  and  since  AK,  CK  touch 
the  hyperbolas  in  the  vertices  of  conjugate 
diameters,  the  point  K  where  they  meet  is  in 
an  asymptote.  In  like  manner  it  may  be 
shown,  that  the  rest  of  the  angles  of  the  pa¬ 
rallelograms  are  in  the  asymptotes  ;  therefore 
the  asymptotes  are  the  diagonals  of  the  pa¬ 
rallelograms  ;  consequently  the  parallelogram 
KLMN  is  the  quadruple  of  the  triangle  KSN, 
and  the  parallelogram  OPQR  the  quadruple 
of  the  triangle  OSR  :  but  the  triangles  KSN, 

OSR  are  equal,  because  the  rectangles  KSN, 

OSR  are  equal  (25th  of  this  book,  and  15.  6. 

Elem.)  ;  therefore  the  parallelograms  KLMN, 


234 


CONIC  SECTIONS. 


BOOK  III. 


OPQR  are  also  equal.  This  proposition  might 
also  have  been  demonstrated  like  prop.  20. 


B.  2. 


PROP.  XL VI.  Theok. 

If  two  conjugate  diameters  of  a  hyperbola 
meet  a  straight  line  touching  the  hy- 
perbola,  the  rectangle  contained  by  the 
segment  of  the  tangent  intercepted  be¬ 
tween  the  point  of  contact  and  the  con¬ 
jugate  diameters,  is  equal  to  the  square 
of  the  semidiameter  conjugate  to  that 
diameter  which  passes  through  the  point 
of  contact. 

Fig.  2i.  Let  ACB,  DCE  be  two  conjugate  diame¬ 
ters,  and  let  a  straight  line  which  touches  the 
hyperbola  in  F  meet  them  in  the  points  G, 
H,  and  let  CK  be  the  semidiameter  conju¬ 
gate  to  CF ;  the  rectangle  GFH  is  equal  to 
the  square  of  CK. 

From  the  points  F,  K  draw  to  AE  the 
straight  lines  FM,  KL  parallel  to  DE  :  then. 


% 
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because  of  the  parallels,  GM  is  to  MC,  as  book  hi, 
GF  to  FH ;  consequently  the  rectangles 
GMC,  GFF1  are  similar:  and  because  the 
triangles  GMF,  CLK  are  equiangular,  GM 
is  to  GF,  as  CL  to  CK ;  therefore  the  rec¬ 
tangles  GMC,  GFH,  and  the  squares  of  CL, 

CK,  which  are  four  similar  and  similarly  si¬ 
tuated  rectilineal  figures,  described  upon  the 
four  proportional  straight  lines  GM,  GF,  CL, 

CK  are  likewise  proportionals:  but  the  rec¬ 
tangle  GMC  is  equal  to  (35.  3.)  the  rectangle 
AMB,  that  is,  to  the  (43.  3.)  square  of  CL; 
therefore  the  rectangle  GFH  is  equal  to  the 
square  of  CK. 

PROP.  XLVII.  Theor 

If  from  a  point  of  a  hyperbola  a  straight 
line  be  drawn  ordinately  applied  to  a 
transverse  diameter,  the  rectangle  con¬ 
tained  by  the  segments  of  the  diameter 
intercepted  between  its  vertices  and  the 
ordinate,  is  to  the  square  of  the  seg¬ 
ment  of  the  ordinate  intercepted  be- 
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tween  the  hyperbola  and  the  diameter, 
as  the  diameter  is  to  its  latus  rectum : 
but  if  a  straight  line  be  drawn  ord in¬ 
nately  applied  to  the  second  diameter 
of  the  transverse,  the  sum  of  the  squares 
of  half  the  second  diameter,  and  of  its 
segment  between  the  ordinate  and  the 
centre,  is  to  the  square  of  the  ordinate, 
as  the  second  diameter  is  to  its  latus 
rectum . 

Let  there  be  a  transverse  diameter  AB, 
and  DE  the  second  diameter  conjugate  to  it, 
and  let  AH  be  the  Ifitus  rectum  of  AB,  and 
from  the  point  F  in  the  hyperbola  draw  FG 
ordinately  applied  to  AB  ;  the  rectangle 
AGB  is  to  the  square  of  FG,  as  AB  to  AH : 
but  FK  being  drawn  ordinately  applied  to 
DE ;  the  sum  of  the  squares  of  CD,  CK  is  to 
the  square  of  FK,  as  DE  to  its  latus  rectum 
L. 

Case  1.  Since  AB,  DE,  AH  are  propor¬ 
tionals  (def.  12.),  AB  is  to  AII,  as  the  square 
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of  AB  to  the  square  of  DE,  that  is  (28.  3.),  bookiu. 
as  the  rectangle  AGB  to  the  square  of  FG. 

Case  2.  And  since  DE,  AB,  L  are  propor¬ 
tionals,  I)E  is  to  L,  as  the  square  of  DE  is  to 
the  square  of  AB,  that  is  (29.  3.),  as  the  sum 
of  the  squares  of  CD,  CK  is  to  the  square  of 
KF. 

PROP.  XLVIII.  Theor. 

If  from  a  point  F  in  a  hyperbola  a  straight  Fis-  23* 
line  FG  he  ordinately  applied  to  a 
transverse  diameter  AB,  and  from  the 
vertex  of  that  diameter  a  straight  line 
AH  be  drawn  perpendicular  to  AB,  and 
equal  to  its  latus  rectum  ;  the  square  of 
the  ordinate  is  equal  to  the  rectangle 
applied  to  the  latus  rectum ,  having  for 
its  breadth  the  abscissa  between  the  or¬ 
dinate  and  the  vertex,  but  exceeding  by 
a  figure  similar,  and  similarly  situated, 
to  that  which  is  contained  by  the  dia¬ 
meter  and  the  latus  rectum. 
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book  hi.  Join  BH,  and  from  the  point  G  draw  GM 
parallel  to  AH,  and  meeting  BH  in  M,  and 
and  through  the  point  M  draw  MN  parallel 
to  AB,  and  meeting  AH  in  N  ;  and  complete 
the  rectangles  MNHO,  BAHP. 

Then  because  the  rectangle  AGB  is  to  the 
square  of  FG,  as  AB  to  AH,  that  is,  as  GB 
to  GM,  that  is,  as  the  rectangle  AGB  to  the 
rectangle  AGM ;  therefore  AGB  is  to  the 
square  of  GF,  as  the  same  AGB  to  the  rec¬ 
tangle  AGM  ;  consequently  the  square  ofGF 
is  equal  to  the  rectangle  AGM,  having  the 
abscissa  AG  for  its  breadth,  and  applied  to 
the  latus  rectum  AH,  and  exceeding  the  rec¬ 
tangle  HAGO,  by  the  rectangle  MNHO,  si¬ 
milar  to  BAHP.  From  the  square  of  the 
ordinate  being  thus  equal  to  the  exceeding 
rectangle,  or  that  under  the  abscissa  and  a 
a  line  greater  than  the  latus  rectum ,  Apollo¬ 
nius  called  this  curve  line  the  hyperbola. 

Cor.  It  is  evident,  that  the  square  of  GF 
would  be  equal  to  the  rectangle  AGM,  though 
AH  were  not  at  right  angles  to  AB. 
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PROP.  XLIX.  Prob.  — *' — ’ 

A  straight  line  AB  being  given  in  posi-  Fls-  29 
tion  and  magnitude,  and  a  point  F  be¬ 
ing  given  ;  to  describe  a  hyperbola,  of 
which  AB  may  be  the  transverse  axis, 
and  which  may  pass  through  the  point 
F  ;  but  the  given  point  must  be  so  si¬ 
tuated,  that  a  perpendicular  drawn  from 
it  towards  AB  may  fall  upon  AB  pro¬ 
duced. 

Draw  FG  at  right  angles  to  AB,  and  find 
a  straight  line  DE  such,  *  that  the  square  of 
AB  may  be  to  that  of  DE  as  the  rectangle 
AGB  to  the  square  of  FG  :  let  AB,  DE  bi¬ 
sect  each  other  at  right  angles;  then,  with 
AB,  DE  as  axes,  and  making  AB  the  trans¬ 
verse  axis,  describe  a  (37.  3.)  hyperbola 
AF  ;  this  hyperbola  will  pass  (2.  cor.  28.  3.) 
through  the  point  F. 


•  See  note  prop.  25.  B.  II- 
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'  v — '  PROP.  L.  Prob. 

ijg.  29.  A  straight  line  DE  being  given  in  posi- 
tion  and  magnitude,  and  a  point  F  be¬ 
ing  given  ;  to  describe  a  hyperbola,  of 
which  DE  may  be  the  second  axis,  and 
which  may  pass  through  F. 

Bisect  DE  in  C,  and  draw  FH  perpendi¬ 
cular  to  DE,  and  find  a  straight  line  AB  such, 
*  that  the  square  of  DE  may  be  to  that  of 
AB,  as  the  sum  of  the  squares  of  CD,  CH  to 
the  square  of  FH  ;  let  DE,  AB  bisect  each 
other  at  right  angles  ;  then  with  the  axes 
AB,  DE,  and  making  AB  the  transverse  axis, 
describe  (37.  3.)  a  hyperbola  ;  this  hyperbola 
will  pass  through  the  point  F  (2.  cor.  29.  3.). 


*  Find  a  straight  line  X  such,  that  its  square  may  be  equal  to 
the  sum  of  the  squares  of  CD,  CH  (47.  1.  Elem.) ;  and  to  the 
three  straight  lines  X,  FH  and  DE  find  (12.  6.  Elem.)  a  fourth 
proportional,  which  will  be  the  transverse  axis  AB.  For  (22.  6* 
Elem.)  the  square  of  X,  that  is,  the  sum  of  the  squares  of  CD, 
CH  is  to  the  square  of  FII,  as  the  square  of  DE  to  the  square 
of  AB. 


THE  HYPERBOLA. 


I 


241 


ROOK  III. 

PROP.  LI.  ' 

Of  all  transverse  diameters  in  a  hyperbola, 
the  transverse  axis  is  the  least ;  and  the 
angle  contained  by  any  other  transverse 
diameter,  and  a  tangent  drawn  through 

7  <D  O 

its  vertex,  is  less  than  a  right  angle. 

Let  there  be  a  hyperbola,  CA  the  half  of  tig.  20. 
its  transverse  axis,  and  CF  the  half  of  any 
other  transverse  diameter ;  from  F,  the  ver¬ 
tex  of  CF,  draw  FG  perpendicular  to  the  axis 
CA  ;  therefore  CF  is  greater  than  CG  ;  and 
consequently  much  greater  than  CA  :  draw 
a  straight  line  touching  the  hyperbola  in  the 
point  F,  and  meeting  the  axis  CA  in  K  ;  and 
since  the  angle  CFG  is  acute,  CFK  must  be 
still  more  acute. 


PROP.  LII.  Pima. 

Of  a  hyperbola  AF  given  in  position,  to 
find  a  diameter,  the  centre,  the  axes, 
the  asymptotes,  and  the  foci. 

Q 


Fig.  ?9. 
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•  Draw  two  parallel  straight  lines,  and  let 
them  be  terminated  both  ways  by  the  hyper¬ 
bola  ;  and  the  straight  line  which  bisects 
them  is  a  (3.  cor.  31.  3.)  diameter;  and  any 
other  diameter  may  be  found  in  the  same 
manner ;  and  the  point  where  two  diameters 
thus  found  meet  each  other  is  the  (4.  def.  3.) 
centre.  But  if  two  opposite  hyperbolas  be 
given  in  position,  the  point  which  bisects  the 
diameter  first  found  is  the  centre. 

Take  in  the  hyperbola  any  point  F,  and 
from  the  centre  C  draw  CF,  and  with  the 
centre  C,  and  distance  CF,  describe  a  circle  ; 
if  this  circle  meet  the  hyperbola  no  where 
but  in  the  point  F,  CF  is  the  least  of  the 
transverse  diameters,  and  is,  consequently, 
the  transverse  axis  :  but  if  the  circle  meet  the 
hyperbola  again  in  another  point  L,  join  FL. 
and  let  it  be  bisected  in  the  point  G  ;  join 
also  CG,  and  let  it  meet  the  hyperbola  in  A  ; 
CA  is  half  the  transverse  axis :  for  since  FG, 
GL  are  equal,  FL  is  ordinately  applied  to  the 
diameter  CG  ;  and  consequently  a  straight 
line  which  is  drawn  through  the  vertex  A 
parallel  to  FL  touches  the  hyperbola  (32.  3.^  ; 
and  the  angle  contained  by  this  tangent,  and 
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the  diameter  C  A,  is  a  right  angle :  for  the  angle 
FGA  is  a  right  angle  ;  therefore,  by  the  pre¬ 
ceding  proposition,  CA  is  the  transverse  axis. 

Next,  in  order  to  find  the  second  axis, 
draw  through  the  centre  C  a  straight  line  at 
right  angles  to  CA,  and  in  that  straight  line 
take  CL),  and  let  the  square  of  Cxi  have  the 
same  ratio  to  the  square  of  CD,  which  the 
rectangle  BGA  has  (CB  being  made  equal  to 
Cxi)  to  the  square  of  GF  ;  then  CD  will  be 
the  second  axis,  as  is  evident  from  prop.  7. 
of  this  book. 

Lastly,  having  found  the  axes,  find  the  a- 
symptotes  from  def.  10. 

But  if  two  opposite  hyperbolas  be  given  in 
position,  the  asymptotes  may  be  found  more 
easily  in  this  manner.  Draw  through  the 
centre  C  any  transverse  diameter  AB  ;  draw 
likewise  a  straight  line  parallel  to  AB,  and 
terminated  in  the  hyperbolas  in  the  points  O, 
P  ;  and  to  the  straight  line  OP  apply,  on  both 
sides,  a  rectangle  equal  to  the  square  of  CA, 
and  deficient  by  a  square ;  which  is  possible, 
since  CA  is  less  than  the  half  of  OP  (4.  cor. 
15.  3.) ,  and  let  Q,  R  be  the  points  of  appli¬ 
cation  ,  CQ,  CR,  when  joined,  will  be  the 

Q  2 
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asymptotes  (3.  cor.  15.  3.).  The  foci  arc 
found  as  in  prop.  37. 

PROP.  LIII.  Prod. 

The  asymptotes  of  a  hyperbola  being 
given  in  position,  and  a  point  in  it  be¬ 
ing  given ;  to  find  the  axes  of  the  hy¬ 
perbola,  and  to  describe  it. 

Lg.  3o.  Let  AC,  BC  be  the  asymptotes  given  in 
position,  and  D  be  the  given  point.  Suppose 
the  problem  solved,  to  wit,  let  FCE,  GCH 
be  the  axes,  the  former  of  which,  as  it  is 
within  the  angle  ACB,  in  which  the  point  D 
is,  must  be  the  transverse  axis  :  draw  through 
E  a  straight  line  parallel  to  GH,  and  let  this 
parallel  meet  the  asymptotes  in  the  points  K, 
L  ;  consequently  KL  is  equal  ( 10.  def.  3.)  to 
GH,  and  is  bisected  in  E  :  and  since  in  the 
triangles  KEC,  LEC  the  bases  KE,  EL  are 
equal,  and  the  angles  at  E  right  angles  ;  the 
angles  ECK,  ECL  are  equal :  but  the  angle 
KCL  is  given  ;  consequently  its  half  IvCE  is 
given  :  and  KC,  and  the  point  C,  are  given 


THE  HYPERBOLA. 


245 


in  position;  consequently  CE  is  given  (29.  bookiii. 
dat.)  in  position  :  through  the  given  point 
1)  let  DMN  be  drawn  parallel  to  CE,  and  let 
it  meet  the  asymptotes  in  M,  N  ;  DN  is 
therefore  given  in  (28.  dat.)  position,  and  the 
points  M,  N  (25.  dat.)  are  given;  therefore 
DM,  DN  are  given  in  magnitude  (26.  dat.) ; 
the  rectangle  MDN  is  consequently  given  in 
magnitude  :  but  the  square  of  CE  is  equal  to 
this  rectangle  (1.  cor.  15.  3.);  therefore  the 
square  of  CE  is  given  in  magnitude  ;  and 
consequently  CE  is  given  (55.  dat.)  in  mag¬ 
nitude  ;  but,  as  formerly  proved,  it  is  also 
given  in  position  ;  therefore  the  point  E  and 
the  straight  line  KEL,  are  (27.  29.  dat.)  given 
in  position  ;  and  consequently  KEL  is  given 
in  magnitude,  because  CA,  CB  are  given  in 
position  :  now  GH  is  parallel  and  equal  to 
KL;  consequently  GH  is  given  in  magni¬ 
tude  ;  but  it  is  also  given  in  position,  because 
C  is  given,  which  bisects  it;  therefore  the 
axes  EE,  GII  are  given  in  position  and  mag¬ 
nitude  :  and  therefore  the  hyperbola  may  be 
described  by  prop.  37.  of  this  book. 

The  composition  is  as  follows.  Let  the 
angle  ACB  be  bisected  by  the  straight  line 
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book  iii.  CE  ;  and  having  drawn  DMN  parallel  to  CE, 
w make  the  squares  of  CE,  CF  each  of  them 
equal  to  the  rectangle  MDN ;  and  through 
E  draw  KEL  perpendicular  to  CE,  and 
meeting  the  straight  lines  AC,  CB  in  the 
points  K,  L ;  and  through  C  let  GCH  be 
drawn  equal  and  parallel  to  KEL,  so  that  it 
may  be  bisected  in  C:  then,  with  the  axes 
EE,  GH,  and  making  EF  the  transverse  axis, 
describe  a  hyperbola  ;  AC,  BC  will  be  its  a- 
syinptotes,  and  it  will  pass  through  the  point 
D.  For  since,  by  construction,  KEL  is  e- 
qual  and  parallel  to  the  second  axis  GH,and 
is  bisected  in  E  ;  therefore  CK,  CL  are  (def 
10.  3.)  the  asymptotes,  and  the  rectangle 
MDN  is  equal  to  the  square  of  CE ;  conse¬ 
quently  the  point  D  is  in  the  hyperbola  (cor. 
20.  3.). 

And  the  asymptotes  AC,  BC  being  given, 
and  a  point  D  of  a  hyperbola,  as  many  points 
of  that  hyperbola,  or  of  the  opposite  hyper¬ 
bola,  as  may  be  thought  necessary,  may  be 
found,  by  drawing  through  D  any  number  of 
straight  lines  ADB,  D ab,  meeting  the  asymp¬ 
totes  in  A,  B,  and  a ,  b  ;  and  taking  BO,  bo 
equal  to  AD,  aD,  in  such  a  manner,  that  the 
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two  points  D,  O,  and  the  two  D,  o,  maj  be  BooKiir. 
either  both  within  or  without  the  points  A,  B, 
and  b :  for  then  the  points  O,  o  will  be  (19. 

9.)  in  the  hyperbolas. 

PROP.  LIV.  Pros. 

Two  straight  lines  ACB,  DCE,  which  bi-  Fig.  si. 
sect  each  other  in  C,  being  given  in 
position  and  magnitude  ;  to  describe 
two  opposite  hyperbolas,  which  may 
have  AB  for  a  transverse  diameter,  and 
DE  for  the  second  diameter  conjugate 
to  AB. 

Suppose  what  is  required  done,  and  let  CF, 

CG  be  the  asymptotes  ;  through  A,  the  ver¬ 
tex  of  the  transverse  diameter,  draw  a  straight 
line  parallel  to  DE,  and  let  it  meet  the  asymp¬ 
totes  in  F,  G;  therefore  FG  is  (11.  def.  3.) 
equal  to  DE,  and  is  bisected  in  A :  but  DE 
is  given  in  magnitude  ;  therefore  FG  is  given 
in  magnitude  ;  and  of  consequence  its  half 
AF  is  also  given  in  magnitude  :  but  AF  is 
given  (f28.  dat.)  in  position,  since  it  is  drawn 
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book  in.  through  a  given  point  A  parallel  to  DE  given 
in  position  ;  consequently  the  point  F  is  (27. 
dat.)  given  :  in  like  manner  the  point  G  is 
given  ;  and  the  point  C  is  given  ;  therefore 
the  asymptotes  CF,  CG  are  given  in  position, 
and  the  point  A  is  given  in  the  hyperbola  : 
and  therefore  the  hyperbola  may  be  describ¬ 
ed,  by  the  preceding  proposition. 

The  composition  is  as  follows.  Through 
the  vertex  A  of  the  transverse  diameter,  draw 
a  straight  line  FAG  equal  and  parallel  to  the 
second  diameter  DE,  and  so  that  it  may  be 
bisected  in  A ;  join  CF,  CG,  and  by  the  pre¬ 
ceding  prop,  describe  a  hyperbola  which  may 
have  for  its  asymptotes  the  straight  lines  CF, 
CG,  and  which  may  pass  through  the  point 
A  :  and,  in  the  same  manner,  by  employing 
the  point  B,  describe  the  opposite  hyperbola; 
AB  will  be  a  transverse  diameter  in  these  hy¬ 
perbolas,  and  DE  the  second  diameter  con¬ 
jugate  to  it. 

For  since  CF,  CG  are  the  asymptotes  of 
the  hyperbolas,  and  that  through  the  point  A, 
in  the  one  of  the  hyperbolas,  there  is  drawn 
a  straight  line  FAG,  which  is  bisected  in  A  : 
FG  touches  (23.  3.)  the  hyperbola  in  A  :  and 
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DE  is  equal  and  parallel  to  FG,  and  is  bisec-  bookiii. 
ted  in  the  centre  C  ;  therefore  DE  is  the  se- 
cond,  or  conjugate  diameter  (11.  def.  and  30. 

3.)  to  the  transverse  AB. 

PROP.  LV.  Piiob. 

The  diameter  of  a  hyperbola  being  given 
in  position  and  magnitude,  and  a  straight 
line  which  is  ordinately  applied  to  that 
diameter  from  a  given  point  of  the  hy¬ 
perbola  being  also  given  in  position  ; 
to  describe  the  hyperbola. 

Case  1.  When  the  given  diameter  is  a  trans¬ 
verse  diameter  of  the  hyperbola. 

Let  AB  be  the  given  transverse  diameter,  S1 
to  which  a  straight  line  PIK,  given  in  posi¬ 
tion,  is  ordinately  applied  from  a  given  point 
II  of  the  hyperbola;  and  let  AB  be  bisected 
in  C,  and  through  C  draw  a  straight  line  pa¬ 
rallel  to  1IK  ;  and  in  that  straight  line  take 
CD  and  CE  equal  to  each  other,  so  that  the 
rectangle  AKB  may  be  to  the  square  of  HK, 
as  the  square  of  AC  to  the  square  of  CD,  or 
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book  in  CE ;  and,  by  the  preceding  proposition,  do- 
scribe  two  opposite  hyperbolas,  of  which  AB 
may  be  a  transverse  diameter,  and  DE  the 
second  diameter  conjugate  to  AB  ;  one  of 
these  hyperbolas  will  pass  through  the  point 
H  (2.  cor.  28.  of  this  book.). 

Case  2.  When  the  given  diameter  is  a  se¬ 
cond  diameter. 

Let  DE  be  the  given  second  diameter,  to 
which  IIL  given  in  position,  and  drawn  from 
H,  a  given  point  in  the  hyperbola,  is  ordi- 
nately  applied  ;  and  let  DE  be  bisected  in  C, 
and  through  C  draw  a  straight  line  parallel  to 
ILL,  and  in  that  straight  line  take  CA  and 
CB  equal  to  each  other,  so  that  the  sum  of 
the  squares  of  LC,  DC  may  be  to  the  square 
of  ILL,  as  the  square  of  DC  to  the  square  of 
AC,  or  CB  ;  and,  by  the  preceding  proposi¬ 
tion,  describe  two  opposite  hyperbolas,  hav¬ 
ing  AB  for  a  transverse  diameter,  and  CD 
lor  the  second  diameter  conjugate  to  AB:  of 
these  hyperbolas,  the  one  which  lies  on  the 
same  side  of  DE  with  the  point  H,  will  pass 
through  the  point  LI  (2.  cor.  29.  3.). 
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PROP.  LVI.  Theor.  v — ^ 

If  a  cone  cut  by  a  plane  through  the  axis, 
be  cut  likewise  by  a  second  plane,  meet¬ 
ing  its  base  in  the  direction  of  a  straight 
line  perpendicular  to  the  base  of  the 
triangle  through  the  axis  ;  and  if  the 
common  section  of  the  triangle  through 
the  axis,  and  the  second  plane,  meet 
one  of  the  sides  of  the  triangle  through 
the  axis  on  the  other  side  of  the  vertex 
of  the  cone  ;  the  line  wrhich  is  the  com¬ 
mon  section  of  the  second  plane,  and 
the  conical  surface,  is  a  hyperbola,  hav¬ 
ing  for  a  transverse  diameter  the  com- 

o 

mon  section  of  the  triangle  through  the 
axis  and  the  second  plane. 

Let  there  be  a  cone,  its  vertex  the  point  Fig.  32. 
A,  and  base  the  circle  BC;  let  it  be  cut  by 
a  plane  through  the  axis,  and  let  the  triangle 
ABC  be  the  section  ;  let  it  be  cut  also  by 
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another  plane,  meeting  its  base  in  the  direc¬ 
tion  of  the  straight  line  DE  perpendicular  to 
BC,  the  base  of  the  triangle  ABC ;  and  let 
the  section  made  in  the  surface  of  the  cone  be 
the  line  DFE  ;  and  let  the  straight  line  FG, 
the  common  section  of  the  triangle  through 
the  axis,  and  the  second  plane,  be  produced, 
and  meet  one  of  the  sides  CA,  of  the  triangle 
through  the  axis,  in  the  point  H,  on  the  other 
side  of  the  vertex  A  ;  the  line  DFE  is  a 
hyperbola,  which  has  FG  lor  one  of  its  trans¬ 
verse  diameters. 

For  in  the  section  DFE  take  any  point  K, 
and  through  K  to  FG  draw  KL  parallel  to 
DE,  and  through  L  draw  MN  parallel  to  BC  ; 
the  plane,  therefore,  which  passes  through 
KL,  MN  is. (15.  11.  Elem,)  parallel  to  the 
plane  through  DE,  BC,  that  is,  to  the  base  of 
the  cone;  and  therefore  the  (‘23.  1.)  plane 
through  KL,  MN  is  a  circle,  of  which  MN  is 
a  diameter:  but  KL  is  (10.  11.  Elem.)  j>er- 
pendicular  to  MN,  because  DE  is  perpendi¬ 
cular  to  BC  ;  therefore  the  rectangle  MLN 
is  (35.  3.  Elem.)  equal  to  the  square  of  KL : 
and  in  like  manner,  the  rectangle  BGC  is 
equal  to  the  square  ofDG  :  the  square  ofDG 
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is  therefore  to  the  square  of  KL,  as  the  rectan¬ 
gle  BGC  to  the  rectangle  MLN :  but  BG  is 
to  ML,  as  FG  to  FL ;  and  GC  is  to  LN,  as 
G  H  to  LH ;  therefore  the  ratios  compounded 
of  these  equal  ratios  are  equal  to  one  another  ; 
and  therefore  the  rectangle  BGC  is  to  (23. 
6-  FJern.)  the  rectangle  MLN,  as  the  rectan¬ 
gle  FGH  to  the  rectangle  FLFI :  hence,  in 
like  manner,  the  square  of  DG  is  to  the 
square  of  KL,  as  the  rectangle  FGII  to  the 
rectangle  FLH.  Describe,  therefore,  a  hy¬ 
perbola  (55.  3.),  of  which  FH  may  be  a  trans¬ 
verse  diameter,  and  in  which  DG  may  be 
ordinately  applied  to  FH :  and  because,  by 
construction,  the  point  D  is  in  this  hyper¬ 
bola,  the  point  K  is  likewise  in  it  (3.  cor.  28. 
3.).  And  the  same  thing  may  be  proved  with 
regard  to  all  the  points  of  the  section  DFE. 
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